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ABSTRACT
Laboratory Experiences in Mathematical Biology for Post-Secondary Mathematics
Students
by
Matthew J. Lewis, DOCTOR OF PHILOSOPHY
Utah State University, 2016
Major Professor: James A. Powell, Ph.D.
Department: Mathematics and Statistics
In addition to the memorization, algorithmic skills and vocabulary which is the default
focus in many mathematics classrooms, professional mathematicians are expected to creatively apply known techniques, construct new mathematical approaches and communicate
with and about mathematics. We propose that students can learn these professional, higher
level skills through Laboratory Experiences in Mathematical Biology (LEMBs) which put
students in the role of mathematics researcher creating mathematics to describe and understand biological data. LEMBs are constructed so they require no specialized equipment and
can easily be run in the context of a college math class. Students collect data and develop
mathematical models to explain the data. In this work examine how LEMBs are designed
with the student as the primary focus. We explain how well-designed LEMBs lead students
to interact with mathematics at higher levels of cognition while building mathematical skills
sought after in both academia and industry. Additionally, we describe the online repository
created to assist in the teaching and further development of LEMBs. Since student-centered
teaching is foreign to many post-secondary instructors, we provide research-based, pedagogical strategies to ensure student success while maintaining high levels of cognition.
(239 pages)
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PUBLIC ABSTRACT
Laboratory Experiences in Mathematical Biology for Post-Secondary Mathematics
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Matthew J. Lewis
In addition to the memorization, algorithmic skills and vocabulary which is the default
focus in many mathematics classrooms, professional mathematicians are expected to creatively apply known techniques, construct new mathematical approaches and communicate
with and about mathematics. We propose that students can learn these professional, higher
level skills through Laboratory Experiences in Mathematical Biology (LEMBs) which put
students in the role of mathematics researcher creating mathematics to describe and understand biological data. LEMBs are constructed so they require no specialized equipment and
can easily be run in the context of a college math class. Students collect data and develop
mathematical models to explain the data. In this work examine how LEMBs are designed
with the student as the primary focus. We explain how well-designed LEMBs lead students
to interact with mathematics at higher levels of cognition while building mathematical skills
sought after in both academia and industry. Additionally, we describe the online repository
created to assist in the teaching and further development of LEMBs. Since student-centered
teaching is foreign to many post-secondary instructors, we provide research-based, pedagogical strategies to ensure student success while maintaining high levels of cognition.
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CHAPTER 1
INTRODUCTION
There is a large gap between mathematics as it is usually taught in post-secondary
settings and the professional needs of practitioners in academia and industry. College math
classes focus on classical knowledge developed (mostly) 150 years ago, and homework is
largely rote, focusing on algorithmic skills, factual knowledge and vocabulary. In direct
contrast, a variety of professional, educational and industrial groups have pointed out the
need for alternative skills among STEM professionals [6], [8], [19], [4]. These skills include
the ability to:
• Develop models and adapt mathematical techniques to novel situations,
• Draw meaning from data,
• Think critically and creatively about quantitative problems,
• Use computational tools to provide timely answers,
• Work effectively in teams,
• Communicate results clearly and concisely.
Over two thirds of employers [4] value these skills among STEM graduates, as compared with
only 18% valuing traditional math skills. And while the traditional skills are undoubtedly
prerequisite for post-secondary STEM educators, similar integrative, creative and ‘soft’
skills are necessary for research and professional success.
In order to discuss the learning experiences students need to achieve these desired skills,
the types of cognition students are expected to display must first be clearly defined. There
are several models for classifying behavioral constructs, including Bloom’s widely known
Taxonomy of Educational Objectives [3]. In this scheme, objectives are classified into three
major domains: cognitive, affective, and psychomotor with each domain divided into levels

2
of complexity. Cangelosi [6] provides a modification of Bloom’s work that is geared towards
mathematics (see Table 1.1 for a brief description of the Cangelosi learning levels).
Any curriculum that aspires to promote meaningful learning should foster student
achievement at all learning levels [6]. However, matching the skills desired by industrial, educational and professional groups with the Cangelosi’s scheme for categorizing instructional
objectives, there is an emphasis on students learning mathematics at high levels of cognition (specifically, comprehension and communication, application and creative thinking).
Furthermore, “[s]uccess in achieving instructional objectives related to the development of
higher order skills requires... quality educational experiences that develop those skills” [36].
Traditionally, textbooks have sought these higher levels of cognition using contrived
problems. While these exercises may help students polish the basic skills, they do not develop the skills sought from STEM graduates. For example, in an undergraduate differential
equations textbook we read “Consider an alligator population P (t) satisfying the extinction
explosion equation P (t) = k(P − M )P. If the initial population is 110 alligators and there
are 11 births and 9 deaths per month occuring at time t = 0, how many months does it
take for the population to reach 10% of the threshold population M ?” [11].
While it is important to be able to solve and parameterize differential equations, this
type of problem fails to help students interact with mathematics at a high level of cognition
for a variety of reasons. Note that the question is not really about alligators. Replacing
alligator with squirrel, dog or pterodactyl has no impact on this contrived problem. Even if
it’s assumed that the question is actually about alligators, the students are told exactly what
the model is. The presentation of the problem insinuates that the given model is the only
correct model for this alligator population. It is also unclear how answering this question fits
into the broader alligator storyline. Why exactly do we care when the population reaches
10% of the threshold population? Exercises like this one quietly suggest to the student that
mathematics is solely about pushing symbols around to get the correct answer and that
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Table 1.1: Cognition types and learning objectives to guide instruction and assessment
according to the educational research-based methods in [6].

Cognition type
Construct a concept
Use inductive reasoning,
distinguish between examples
and non-examples.
Discover a relationship
Use inductive reasoning, discover
relationships among concepts.

Simple knowledge
Recall a specified response (not
multistep) to a specified
stimulus.
Comprehension and
Communication
Extract and interpret meaning,
use the language of mathematics.
Algorithmic skill
Recall and execute a multistep
procedure.
Application
Use deductive reasoning, decide
if at all mathematical content is
relevant.
Creative thinking
Use divergent reasoning to view
mathematical content in
unusual, novel ways.
Appreciation
Believe mathematical content
has value.
Willingness to try
Choose to attempt a
mathematical task.

Examples
Students distinguish between examples and nonexamples of each
of the following: linear, exponential and logistic growth.

Students explain how objects in single variable calculus generalize
to objects in higher dimensions and explain why level curves do
not intersect.
Students observe that differential equations describe deterministic
systems.
Students state Newton’s law of cooling.
Students state the definition of the derivative in one variable.

Students write the biological meaning of terms in a model.
Students explain how mass action appears in a differential
equation.
Students write code to solve an equation numerically.
Students use the appropriate commands to make plots using
Mathematica or Matlab .
Given a real-life problem, students decide how, if at all, graphing
a nonlinear relationship and determining certain critical values
would help solve the problem.
Students decide which mathematical tools and information are
relevant in the context of the data and broader scientific narrative.
Students create their own notation for expressing a multivariable
function.

Students believe that an understanding of linear equations can
help solve problems about which they care.
Students articulates strengths and weaknesses of mathematical
models and the challenges inherent in handling real-world data.
Students attempt to formulate a biological interpretation of a
mathematical model before turning to someone else for an
explanation.
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there is an obvious, well thought out model for every data set and that parameterization
of the model is a quick plug-and-chug experience. Instead of deep learning experiences,
we have bloated and overly expensive textbooks that “have gone beyond the bounds of
reason” to satisfy many constituencies [19, 33]. “To a large extent, books define both the
content and style of presentation in our standard courses. In particular, textbook problems
seem to stress drill and template applications” [5], stunting students’ ability to understand
mathematics in real world applications.
The traditional, lecture-based instruction that typically accompanies textbook driven
courses does not adequately develop high-level cognitive skills such as abstract thinking,
problem solving and creativity [9, 18, 33]. Most conclusions about effective direct instruction stem from standardized test results [14, 35], and even in the most effective traditional
classrooms, gains in student learning remains at low-level cognitive skills (simple-knowledge
and algorithmic skill) found on standardized tests [15, 27, 32, 33]. Furthermore, homework
tends to be slight variations of examples shown in class or worked out problems in the
text with a focus on remembering mathematical facts and algorithms with precision. These
short products expected from students, which do not reflect the process oriented answers to
questions expected of professionals, is yet another major pitfall in the education of mathematics [9].
In an effort to help students develop high-level cognitive skills in mathematics there
has been a surge in project-based learning (PBL). PBL is a student-centered approach to
teaching in which students acquire experience learning through active exploration of realworld challenges and problems that results in genuine artifacts similar to those produced by
practitioners [37]. The projects involve authentic tasks, based on challenging questions or
problems, that involve students in design, problem-solving, decision making, or investigative
activities; give students the opportunity to work relatively autonomously over extended
periods of time; and culminate in realistic products or presentations [17, 38]. Rather than
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give directions, teachers serve as facilitators who guide students to explicit educational goals
[24]. PBL mimics a professional environment, and thus, inherently incorporates professional
skills [10].
Learning approaches similar to PBL have been used in medicine since the 1960’s and in
the time since have made their way into engineering and many other subject [1]. However
it is sparsely seen in post-secondary mathematics. In PBL, learners
• are engaged by scientifically oriented questions
• give priority to evidence
• formulate explanations from evidence to address scientifically oriented questions
• evaluate their explanations in light of alternative explanations
• communicate and justify their proposed explanations [26].
PBL models how science is practiced and allows students to interact with the material in
an authentic context. Additionally, inquiry-based learning increases students’ motivation,
conceptual understanding, critical thinking, understanding of course content and perhaps
most importantly, creates positive attitudes towards the subject [13, 21, 25, 29, 31]. PBL
emphasizes the interdependence between computational skill and conceptual understanding
as “[n]either algorithmic skill nor conceptual understanding can be gained independent
of the other” [33]. PBL allows students to increase in conceptual understanding while
authentically developing algorithmic skills in context.
Mathematical biology is particularly well-suited for PBL since there are few accepted
models and mathematics is continually being developed to describe and explain data generated by biological innovations. Perhaps no other mathematical discipline so depends on
non-traditional mathematical skills to make progress. It has been argued [21] that the optimal mental state for a student to learn such skills is precisely the mental state in which a
professional applied mathematician would approach a novel biological problem. In order to
make this possible in a classroom context we have created a number of Laboratory Experiences in Mathematical Biology (LEMBs) that allow students to generate their own novel
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solutions and learn by emulating professional mathematical biologist behavior rather than
by passive absorption through lecture.
The inherent interdisciplinary nature of PBL and thus, LEMBs, encourages students
to interact with mathematics at many levels of cognition “...because students need to acquire and apply information, concepts and principles...[as well as]...formulate plans, track
progress, and evaluate solutions” [4]. Using the Yeast LEMB (in which students develop a
mathematical model for CO2 produced by bread yeast in a small capped flask) as an example, we see LEMBs inherently promote a rich learning experience in which students experience the full range of learning described in Cangelosi’s learning categorization scheme [6].
In the Cangelosi’s cognitive domain students achieve objectives at the construct-a-concept
learning level as they distinguish the best performing model from a finite set of proposed
models. Objectives are achieved at the discover-a-relation learning level as students explain how as they explain how assumptions from the logistic model relate (or not) to the
given data. When students state the logistic model, they achieve an objective at the simple
knowledge learning level. As students integrate their mechanistic model (including a biological interpretation of its parameters) in a written report they are meeting objectives at
the comprehension-and-communication learning level. Students achieve objectives at the
algorithmic skill learning level as they use the appropriate Matlab or Mathematica commands to find numerical solutions to their differential equation models. As students decide
which parameter estimation techniques to use they are completing learning objectives at
the application learning levels. Finally, students achieve learning objectives at the creative
thinking learning level when they create their own notation and diagrams to describe and
express the yeast growth dynamics.
LEMBs not only create a full learning experience in the cognitive domain, but they
also fill Cangelosi’s affective domain to create a full spectrum learning experience. Students achieve mathematical objectives at the appreciation learning level by articulating
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the strengths and weaknesses of their mathematical model. They achieve objectives at
the willingness-to-try learning level when they choose to attempt to create a mathematical
model. Overall, students are making connections, applying their mathematical knowledge,
arguing and supporting their claims in the process of building their end project. While these
examples do not constitute the entirety of learning that takes place in the Yeast LEMB, it
does show how LEMBs create the rich and deep learning experience teachers target.
While PBL both improves student attitudes and encourages a deep and rich learning
environment, what PBL is and is not remains murky. Thomas [37] summarizes:
According to the definitions found in PBL handbooks for teachers, projects
are complex tasks, based on challenging questions or problems, that involve
students in design, problem-solving, decision making, or investigative activities;
give students the opportunity to work relatively autonomously over extended periods of time; and culminate in realistic products or presentations [17,38]. Other
defining features found in the literature include authentic content, authentic assessment, teacher facilitation but not direction, explicit educational goals, [24],
cooperative learning, reflection, and incorporation of adult skills [10]. To these
features, particular models of PBL add a number of unique features. Definitions of “project-based instruction” include features relating to the use of an
authentic (“driving”) question, a community of inquiry, and the use of cognitive
(technology-based) tools [20, 22]; and “Expeditionary Learning” adds features
of comprehensive school improvement, community service, and multidisciplinary
themes [23].
Because PBL activities can be so broad it is difficult for interested instructors to disseminate projects in simple form – instructors tend to go it alone. There is a real lack of
guidelines for teachers in how to design and implement good projects. In creating LEMBs
we have come up with the following PAVE framework:
• Promote discovery: Labs are open-ended with opportunity to reason inductively, explore concepts and relationships, and discover connections.
• Authentic: Driven by real data, ideally collected by students, labs require models and
techniques used by applied mathematicians and scientists.
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• Visible success: The plausibility of solutions is visualized through comparisons of
predictions with collected data.
• Engaging: Labs are based on an accessible, original, scientific question about a natural
phenomenon fitting into a broader story line.
These form the PAVE guidelines for LEMBs. The Zombie Lab, a successful LEMB, is
presented in chapter 2 to illustrate the PAVE framework.
While building LEMBs around the PAVE guidelines sets the stage for an enriching
learning experience, how a teacher should manage and guide PBL is a common concern for
post-secondary instructors (many of whom lack formal teacher training). One big hurdle is
the students’ natural assumption (and in a typical classroom, correct assumption) that they
only need to convince their teacher and not necessarily their peers. The opposite is usually
the case for mathematical researchers, who are primarily concerned with understanding phenomena and persuading their peers. The educational success of a LEMB depends strongly
on the instructor being able to adopt a collaborator/mentor role to facilitate student exploration and creativity. Our most successful lab experiences occur when professors “scaffold”
student learning, helping them to develop models and techniques and to apply these models
while not directing or judging their progress. This technique is particularly helpful when
students have the perception that they are exploring new territory.
To help motivate students and encourage a collaborator/mentor role for instructors
we propose model competition as a scientific backdrop. Model competition is a scientific
paradigm gaining prevalence in ecology, due in part to the difficulty of performing reductionistic experiments to falsify particular hypotheses in ecological systems. In model
competition multiple hypotheses are advanced simultaneously (in the form of models) and
allowed to compete in an arena comprised of common data [16]. Quality of fit is adjudicated by information-theoretic metrics like the Akaike Information Criterion (AIC, [2]) or
Bayesian (or Schwarz) Information Criterion (BIC, [24]), each of which balances elegance
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(simplicity, measured as number of parameters) and goodness of fit (measured as deviance
between model and data). Using model competition for models constructed by student
groups emphasizes creativity and challenges students to develop simple, elegant models to
describe data (which is an authentic activity in mathematical biology). The notion that
there is no right model, but only models competing, tends to energize student groups and
make the entire activity engaging.
Model competition, where the goodness of a model is not decided by the instructor but
by a common metric, is a simple means of putting students and instructors in a creative and
collaborative frame of mind. Model competition magnifies the instructor’s roles as mentor
and advisor while minimizing the lecturer and grader components. For our purposes, the
Bayesian Information Criterion is generally an appropriate measure for determining which
model is best. BIC encourages models that fit the data well with few parameters, have a
simple formulation, and can easily be conveyed to upper division students. Given that it is
commonly used by professional modelers, using BIC to moderate model competition is an
authentic way to facilitate lab-based pedagogy in a math class. The Yeast Lab is presented
in chapter 3 to illustrate model competition as a teaching tool.
LEMBs are intended to be highly-adaptable, interdisciplinary labs for use in a variety
of post-secondary mathematics classes. The following LEMBs are currently available on
the LEMBs website http://digitalcommons.usu.edu/lembs:
• Yeast Lab: Yeast are grown in a small, capped flask, generating carbon dioxide
which is trapped in an inverted jar full of colored water. The volume of carbon dioxide
produced can either be measured directly or using time-lapse imagery on an iPad or
similar. Students are then challenged to model the resulting data. In college algebra
and statistics classes the Yeast Lab has been used to broaden students’ understanding
of graphing data and functions along with building context for least-squares regression
and parameterizing models. In ODE and mathematical biology courses the lab has

10
been used to discuss the mechanistic interpretation of parameters, ODE compartment
models, parameter estimation, population dynamics and limiting factors.
• Stream Lab: Dead leaves, ping-pong balls or plastic golf balls are floated down a
small stream. The number of leaves/balls passing recording stations along the stream
are tallied. In algebra and calculus courses the Stream Lab is used to discuss average
rate of change as well as an introduction to derivatives. In PDE classes students are
challenged to develop a transport model for the resulting data. In the process students
gain greater understanding of graphing multivariable data and functions, mechanistic
interpretation of parameters, diffusion, conservation laws, parameter estimation as
well as mass and momentum transport processes.
• Disease Lab: Students use transparencies and dry erase markers to simulate the
spread of a zombie virus among a fixed population. Students are then challenged to
develop an ODE model for the resulting data. In algebra and statistics classes the lab
has been used to graph data and functions while developing empirical modeling and
linear regression techniques. In ODE courses the lab is used to develop students’ understanding of parameters (and their mechanistic interpretation), SIR models, disease
dynamics, parameter estimation and compartment modeling.
• Brine Shrimp Lab: Young brine shrimp movements within a petri dish are tracked
by students. Students are challenged to determine and verify whether the brine shrimp
move in a random walk. In algebra and statistics the lab is used to discuss distance,
regression, parameterization and basic modeling techniques. In multivariable calculus and differential equations courses students focus on plotting multivariable data,
develop the concept of a partial derivative and diffusion as well as model parameterization techniques.
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• Leaky Bucket Lab: Students test Torrecellis law and develop and compare their
own alternative models to describe the dynamics of water draining from perforated
containers. In algebra courses students gain experience and perspective using a classic
model. In ODE courses students gain greater understanding of ODE compartment
models, parameter estimation and fluid flows.
• Coffee Thermocline Lab: A layered system of coffee and milk serves as a physical
model for temperature gradients in lakes or the atmosphere, where temperature depends on both a temporal and spatial variable. In multivariable calulus students focus
on graphing the data, and developing empirical mathematical models to fit the data.
In ODE classes students gain experience and perspective by applying Newton’s Law
of Cooling to the layered system and predicting temperature trajectories. In more
advanced courses the focus is on developing mechanistic PDE models to fit the data
while gaining greater understanding of diffusion and thermodynamics.
Instructors need the ability to modify the LEMB’s emphasis to center on their course
objectives but, there must also be sufficient structure to support instructors who are new to
PBL. To address teacher’s needs for flexibility and support, LEMB materials to be delivered
online, are organized into the following (clickable) modules:
• Overview: A brief description of the biological problem is given along with the mathematics the lab typically targets.
• Lesson Outline: An adaptable road map how to effectively lead the lab during class
time is presented along with a student task sheet.
• Lab Setup: The lab setup section consists of a list of materials and methods for
collecting data.
• Data and Examples: Sample data is presented in this section along with examples of
solutions produced by students.
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• Background and Extensions: Additional information regarding the biological phenomena is described in this section.
• Assessment: Sample assessment items are available in this section for instructor use
or modification.
These materials are organized for all six LEMBs and available to the public at the LEMB
website http://digitalcommons.usu.edu/lembs. For completeness they are also included
here as chapter 4 in print format.
These LEMBs answer the call for truly interdisciplinary education involving mathematics and the supporting website provides a body of teaching materials to aid university
faculty who may wish to include data-driven experiences in undergraduate mathematics
classes. Additionally, LEMBs expose university faculty to research-based teaching principles already developed in secondary education mathematics and science literature. Through
LEMBs students experience the natural interdependence between algorithmic and conceptual learning. They are placed in the role of a mathematical biologist creating mathematics
for biological application, and thus achieve mathematical objectives at numerous levels of
cognition.
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CHAPTER 2
MODELING ZOMBIE OUTBREAKS: A PROBLEM-BASED APPROACH TO
IMPROVING MATHEMATICS ONE BRAIN AT A TIME1

2.1

Introduction
Mastering mathematics is similar to learning a language. When acquiring a new lan-

guage, classes can be very helpful to teach the basic vocabulary and grammar. Similarly,
in mathematics classes students learn rules, notation, techniques and algorithms analogous
to grammar and sentence structure in languages. However, as students of language know,
time spent using the language in the “real world” brings about a fluency that cannot be
fully fleshed out in a typical classroom setting.
While it is important for students to be well-versed in mathematical techniques it is
clear that students are currently trained to “have a rigorous knowledge of mathematical
grammar but are barely conversational and certainly not colloquial” when they ‘speak’
mathematically [21]. Students that are ‘conversational’ in mathematics are able to use
mathematics to describe the world around them. Students should be able to understand why
the various terms are a part of a mathematical model and produce a physical interpretation
of the terms. Additionally, mathematically conversational students should be able to assess
the task at hand and use a variety of mathematical approaches, techniques and skills they
have acquired (sometimes in unconventional ways) to accomplish the goal.
To broaden the student experience textbooks contain a plethora of contrived problems.
While these exercises help students polish the basic skills, they often do not increase students’ mathematical language fluency beyond the typical exercise found in the text. Often
1
This chapter is reprinted from Lewis, M. and Powell, J.A., 2016. Modeling Zombie Outbreaks: A
Problem-Based Approach to Improving Mathematics One Brain at a Time. PRIMUS, 26(7), pp.705-726.
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students are told exactly what the model is and, perhaps more damaging, the presentation
of the problem frequently insinuates that the given model is the only correct model. However, in mathematics, as in language, there are a variety of styles and methods to describe
the same phenomenon.
In an effort to help students become more mathematically fluent there has been a surge
in problem-based learning (PBL), a “teacher-facilitated, student-driven approach” [3], since
learning through discovery is the way “conversational” math skills are acquired [2, 5, 23].
Although PBL has become more prevalent in elementary and secondary school, in the
college classroom it is largely confined to medical and engineering curricula and is far less
visible in college mathematics classrooms [1]. When a mathematics course does have an
inquiry-based module it often consists of “canned” data for which a predetermined model
fits well. This undermines the creative and fluency-building potential of the project.
By contrast, when students are involved in the data collection process, they have a more
intuitive understanding of the mechanisms driving the data [27]. This motivates modeling
the data and makes it more clear to students when their models are successful. Generating
and describing data gives students a sense of responsibility and produces useful learning
lessons, provided the instructor properly designs the exercise.
We propose that a well-designed activity in which students collect their own data has
the following traits:
• Promote Discovery—open-ended with ample opportunity to connect concepts and
explore
• Authentic—an original task driven by student-collected data that uses models/techniques
actually used by practitioners
• Visible Success—back-story, data and available knowledge make it intuitively (ideally
visually) obvious if solution/model is “good”
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• Engaging—an accessible, original question that fits into a broader storyline
This PAVE framework can help instructors design successful PBL for college mathematics
classroom.
To illustrate PAVE design we present the Zombie Lab, a data-driven activity centered
around the Humans vs Zombies (HvZ) game played on numerous college campuses [31]. We
outline the materials used to set the lab in motion as well as discuss some of the techniques
and approaches used by students. To highlight the efficacy of the lab, we also provide
assessment questions that target higher learning levels and discuss student performance
along with student responses. Ultimately, we argue that PAVE provides college mathematics
students with the opportunity to achieve deeper learning and better mathematical fluency.

2.2

Materials and Methods

2.2.1

2.2.1.1

Launching the Zombie Lab

Basic Zombie Game

To introduce disease dynamics and get students started connecting models with data,
the lab begins with a simple human/zombie simulation following the outline of the Basic
Disease Game [21]. Class members simulate zombies attacking and infecting a human
population. The game is played using two transparencies filled with 100 adjacent hexagons
(Figure 2.1). Students are divided into groups of 3 or 4, and one team member directs the
zombie population (Zombie Master), one leads the human population (Humanoid King) and
one judges results and records data. Zombies and humans are placed by their respective
rulers on separate hex transparencies using dry-erase markers of different colors beginning
with 1 zombie and 49 humans. For the basic Zombie Game each zombie occupies three
consecutive hexes, one for its huge head and one for each of its attacking arms, while humans
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fill only one hex each. Once the Zombie Master and Humanoid King have secretly placed
their respective players on the hex arenas, successfully attacked humans (new zombies)

Figure 2.1: The hex transparency for the Basic Zombie Game used to simulate how zombies
and humans may interact. To play the game, two participants have separate transparencies
and one player situates the “humans” on his/her transparency while the other player marks
the hexes affected by “zombies”. The transparencies are then superimposed and humans in
a zombie affected space are “zombified” and added to the zombie population.

are calculated by counting the hexes that are occupied by a human and a zombie arm
or head when the transparencies are superimposed. These new zombies are added to the
zombie population and transparencies are then erased for the subsequent turn. The game
is over once the entire population has been “zombified.”
To set the stage for the rest of the class, we focus on the primary example of a population model found in most undergraduate differential equations textbooks, Pierre-François
Verhulst’s logistic population model [27]. Let Z represent the zombie population and K be
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Z
would be the probability of encountering
the population’s carrying capacity. Then 1 −
K


Z
a “non-zombie” and thus, Z 1 −
would be proportional to the expected number of
K
zombie, non-zombie contacts. This leads to the logistic model


dZ
Z
,
= λZ 1 −
dt
K

(2.1)

where λ represents the rate at which non-zombies are “aggressively converted” to zombies.
Since there are only 50 total humans and zombies in the Basic Zombie Game, we set K = 50.
After solving analytically, the model is fit to the Basic Zombie Game data in the typical
textbook fashion—pick a data point, plug it into the solution of the differential equation
and solve for λ. When plotted alongside the data from the Basic Zombie Game, it is evident
that while the model is not perfect, it does match the general shape of the data (Figure 2.2).
To justify the shortcomings of the model, students tend to initially blame themselves for
collecting ’bad’ data or using bad parameters. However, after a little discussion students
conclude that the model is not built to adequately capture the entire dynamics of the
Basic Zombie Game. The instructor can then lead the class in a discussion of possible
improvements and alternative models.

2.2.1.2

Humans vs. Zombies

With students primed for modeling from the Basic Zombie Game, we introduce the
data collected from the Humans vs. Zombies (HvZ) game played on campus. HvZ is a
game of “moderated tag” that started at Goucher College in 2005 and is currently played
on campuses worldwide [31]. The game is played in a bounded area at specific hours of the
day, e.g. on campus from 8 a.m. to 10 p.m., excluding buildings. Humans are converted
into zombies by touch alone. Humans can defend themselves by stunning zombies for 15
minutes with a Nerf dart gun or by pelting zombies with a pair of socks rolled up into a ball.
Also, a zombie “dies” if it does not infect a human within a 24 hour period. Additionally,

23

Figure 2.2: Sample data from the Basic Zombie Game along with the predicted zombie
population generated from the Logistic Model. The solid curve (λ ≈ 0.98) is parameterized
by substituting data at time t = 4 when the zombie population Z = 25. Note that the
model performs arguably well initially and then dramatically decreases in accuracy after
day 4 when the zombie population is about half of the total population of 50.

humans are required to fulfill certain “missions” at various points during the game. These
missions result in large fatalities in the human population and a corresponding increase in
the zombie population. In order to track the progress of the game, zombies are required to
report the ID number of each human they tag. This data drives the second portion of the
Zombie Lab.
In general, students are excited to see this data (Figure 2.3) since they have all played
or witnessed the HvZ game on campus. It is an engaging set of data that fits the students’
observations of the game. For most students it is immediately clear that the data does not
resemble the data created in the Basic Zombie Game and that the Logistic Model will not
be an effective model. When assigned the task of developing a model for the HvZ data,
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Figure 2.3: Data from the Humans vs. Zombies game played on the USU campus depicting
the rise and fall of the zombie population (o) in relation to the human population (*) over
time. Note the jumps in the populations were due to “missions” the humans were required
to fulfill at various points in the game that result in many humans being turned to zombies.

students easily recognize the authenticity of the effort. The lab is original—nobody has
previously solved this problem and the data set is not the result of an instructor’s calculated
efforts. Additionally, since there is no single correct answer, there is ample opportunity for
students to explore and connect concepts as needed. It promotes discovery. Since the
students plot their models with the data, they are able to visibly distinguish how successful
their models are.

2.2.1.3

Student Expectations and Lab Agenda

The general objectives for student groups are:
1. Create a model which will predict the zombie and human populations of the HvZ
game.
2. Estimate parameters using data and model hypotheses.
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We ask the groups to produce a short paper (less than 5 pages). The paper must
contain:
1. An introduction describing the problem and its significance,
2. A methods section that contains a description and justification of their proposed
HvZ model and a clear explanation of how parameters were estimated,
3. A results section that describes how well the HvZ model performed with as well
as a “picture” of the predicted populations plotted with the HvZ data for a visual
reference,
4. A discussion and conclusion section detailing model implications.
It is required that each team member assumes responsibility for some portion of the
report but students must work together in order to ensure that one team member’s section
flows seamlessly into the next. The lab reports are graded on clarity, consistency, grammar
and presence of required elements.
A general outline for the Zombie Lab is:
• (Lecture) Introduction to Zombie Lab and Basic Zombie Game (15 minutes)
• (Data Collection) Group Work: Designate roles for Basic Zombie Game and play
game at least 2 times (15 minutes)
• (Lecture) Derivation of Logistic Model (20 minutes)
• (Model Construction) Group Work: Using graphing utility (e.g. Excel, Matlab,
TI-89) to plot Basic Zombie Game data, calculate λ and plot the fitted Logistic Model
(30 minutes)
• (Model Construction/Data Collection) Class Discussion: Groups compare Logistic Model results and share ideas on how to improve the model (10 minutes)
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• (Lecture) Introduction to HvZ game and data (10 minutes)
• (Model Construction/Task Assignment) Group Work: Groups develop a model
for the HvZ data and determine which portions of the report each will be responsible
for (45 minutes)
• (Model Presentation) Class Discussion: Groups present models for HvZ data including description of units parameters (40 minutes)
In all, the project takes 3—4 hours of class time or about one week during the semester.
Naturally, this schedule can be tightened (e.g. λ can be calculated as a class) as the
instructor needs and is aimed to be accomplished over the span of multiple class periods.
Between class days, students are expected to meet regularly as groups to further develop
their models and compare with data.

2.3

Student Models
To facilitate the student learning experience it is helpful if instructors are aware of

strategies employed by students. When interacting with students during the Zombie Lab,
particular care is taken to scaffold student thinking, or to “use leading questions to guide
the reasoning and direction of the conversation, yet allow students to make connections
themselves” [22]. This challenges students to make greater connections with the classroom
materials and previous classes while ensuring high cognitive performance. Following are
a few examples from an undergraduate differential equations course of 52 students who
participated in the lab in Fall 2013.

2.3.1

Active Participants Model

A major flaw students see with modeling the HvZ data with Verhulst’s Logistic Model
is that it does not allow the zombie population to decrease as seen in figure 2.3. A typical
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approach is to incorporate zombie death into equation 4.20 leading to
dZ
= αHZ − βZ,
dt

(2.2)

where β is the zombie death rate and α is the zombie population infection rate. In this
particular group, the students hypothesized from their experience playing the game that
many of the participants that were caught early would simply quit the game and according
to the rules of the game, “starve to death” 24 hours later. They did not participate as
zombies. This led them to conjecture that there is a constant population of core players
that participate from the beginning to the end. They focused on this constant core group,
T , called “active participants,” and ignored the rest of the players hypothesizing that the
“... quickly disappearing, non-active players will only cause a little error in the model’s
predictions at the beginning.” Hence, they let the constant T = H + Z or H = T − Z and
substituted into equation 2.2. The students then had
dZ
= α[(T − Z)Z − ξZ],
dt

(2.3)

a separable differential equation where ξ = β/α. In order to create the model, students
used what they knew from the derivation of the Logistic Model and altered it to meet their
primary concern of how to account for zombie death.
With a model that fit their hypotheses in hand, the students set out to estimate their
parameters. Some students in the group had taken a linear algebra course and knew that
using least-squares approximation was an option, but did not know how to implement it.
After a short discussion with the instructor and some help from “online resources” they
determined parameters that fit the data well. While this is a sizable deviation from the
textbook “pick-a-point” method, it is a typical practice used in both academic research
and industry alike. When the students plotted their parameterized model with the data
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Figure 2.4: Plot of the Active Participants student model fitted to the HvZ zombie population data using least squares approximation. Students estimated the population growth
rate α ≈ 0.0005 and α/β = ξ ≈ 5 where β is the zombie death rate. The model is based
on the hypothesis that players often quit the game once they’re turned to zombies which
increases zombie “mortality.”
(Figure 2.4), they were immediately able to conclude that they were not 100% successful. In
particular, they noted how their model’s peak, timing and end behavior were not in line with
the data. In the conclusion of their written report, the students mentioned how the model
adequately duplicates the initial zombie population growth and conjectured that developing
a non-constant model for the active participants would greatly improve the model.

2.3.2

Threshold Model

Another group conjectured that the rate of zombies dying or simply quitting the game
would grow with time due to the increasingly scant supply of humans to feed on as the
game progressed as well as zombified students simply quitting when the action died down
a bit. Additionally, they supposed that there is a critical zombie threshold population, P ,
that if crossed would cause a collapse of the zombie population. In order to accommodate
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these two hypotheses the students’ model took the following form:



Z
Z
dZ
1−
Z − stZ,
= −r 1 −
dt
P
K

(2.4)

where r is the intrinsic growth rate, K is the carrying capacity and s describes the increasing
rate at which zombies die or leave the game. Even though the model the students developed
could not be solved with the techniques that had been taught at this point in the course,
the students were excited to learn Euler’s method to solve their new problem. Note that the
model is based on classroom and homework material that the students creatively adjusted
it to fit their needs. In the end, the students produced a data-driven, mechanistic model
that reflects their hypotheses.

Figure 2.5: Plot of students’ Threshold Model fitted to the HvZ zombie population data
using least squares. Students estimated the intrinsic growth rate r ≈ −0.122, the threshold
population P ≈ 840, the carrying capacity K ≈ 845 and the death acceleration term
s ≈ 0.0014. The model is based on the hypothesis that once the zombie population has
been reduced below a critical threshold it would naturally collapse to zero.
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Similar to the previous model, students used least squares approximation to determine
their parameters. As seen in figure 4.19, the students’ model closely matches the HvZ data.
However, in the students’ written report, they were quick to point out that their model
fails to capture the large jumps around the 10 and 25 hour mark. They went on to explain
how their model was not designed to capture the missions that the humans were required
to perform at those points in the game. They then conjectured that for “future zombie
research” they would like to parameterize and define their model piece-wise on the [0,10],
(10,25] and (25,55] hour intervals separately to better account for the missions.

2.3.3

The Answer’s a Parabola, Right? Model

Some students have had experience fitting polynomial curves to data, and when confronted with the HvZ data (Figure 2.3) immediately want to fit a parabola. Most of these
students are initially straightforward with their intentions, suggesting models of the form
dZ
= At + B where A represents the population’s rate of acceleration and B is the growth
dt
rate. Many change course after receiving feedback that the models are supposed to be
mechanistic and not strictly empirical models used to drive a line through points. Others
feel that the parabola is the right answer, but it simply needs to be dressed up more.
In one class, the lab occurred shortly after the students had learned the method of
integrating factors. In one homework assignment students were asked to “...construct a first
order linear differential equation whose solutions have the required behavior as t → ∞” [5].
The students were then assigned a variety of functions their solutions should approach.
Inevitably, some students noted they could simply extend their homework experience to the
HvZ scenario and produced the model

dg
dZ
+ Z(t) =
+ g(t) where g(t) = At2 + Bt + C,
dt
dt

the parabola the students want to use to model the data. The students proceeded to solve
the differential equation using the method of integrating factors to get Z(t) = At2 + Bt +
C + De−t (figure 4.20), a function that approaches g(t) = At2 + Bt + C asymptotically.
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Figure 2.6: Plot of The Answer’s a Parabola, Right? student model. Students constructed
a differential equation whose solution asymptotically approached g = 54 + 13.55t − 0.18t2 ,
the quadratic fit.
So, while every student model will not be mechanistic, the students were using mathematics to explain and describe data fluently which is seldom seen in a typical differential
equations classroom.

2.4

Assessment of the Zombie Lab
The entire point of the PAVE framework in general and the Zombie Lab in particular is

to provide students with experiences leading to mathematical fluency. More formally, this
fluency is exhibited by higher cognition levels. Specifically, we are interested in assessing
how well the students who participated in the Zombie Lab achieve objectives in a variety
of learning levels defined in [6]. These include:
• Higher Cognitive Load
– Construct a Concept: Students achieve an objective at the construct-a-concept
learning level by using inductive reasoning to distinguish examples of a particular
concept from non-examples of that concept.
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– Discover a Relation: Students achieve an objective at the discover-a-relationship
learning level by using inductive reasoning to discover that a particular relationship exists or why the relationship exists.
– Comprehension and Communication: Students achieve an objective at the
comprehension-and-communication level by (i) extracting and interpreting meaning from an expression, (ii) using the language of mathematics, and (iii) communicating with and about mathematics.
– Creative Thinking: Students achieve an objective at the creative-thinking
learning level by using divergent reasoning to view mathematical content from
unusual and novel ways.
• Lower Cognitive Load
– Algorithmic Skill: Students achieve an objective at the algorithmic-skill level
by remembering and executing a sequence of steps in a specific procedure.
• Affective Domain
– Appreciation: Students achieve an objective at the appreciation learning level
by believing the mathematical content specified in the objective has value.
Naturally, our focus in designing the lab is to draw from learning areas (e.g., Comprehension and Communication, Discover a Relation, etc.) that are difficult to reach in a
traditional lecture setting. However, other areas of cognition (e.g., Algorithmic Skill) are
intrinsically embedded within the lab’s structure. While these are important areas of learning, we did not target them specifically in the assessment since they can be easily assessed
from other coursework. By using the Zombie Lab to complement the traditional coursework
we hope to target mathematical fluency more efficiently.
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While it’s tempting to create lengthy formal assessments to measure every possible
aspect of student learning occurring in the lab, it is far more important to focus the limited
class time on learning/teaching by picking a few objectives and learning levels to target
in assessment. A short (5 questions) pre- and post-test focused on course objectives at a
variety of learning levels was designed and given to the students the first and last days of
the lab (see Appendix A).
The first three questions (Microsoft per-capita hiring, data arrangement, rabbit percapita growth) deal with different areas of model development. In the Microsoft question
students are expected to determine whether the given per-capita data implies exponential
growth. The second question asks students to explain how they might rearrange data to
generate ideas for models. The third question asks students to develop a population model
given per-capita growth data of a rabbit population. The fourth question (Gompertz model)
directs students to find equilibrium solutions and sketch solution curves. The last question
addresses mathematical appreciation. Each question relates back to the learning level at
which the material is learned during the Zombie Lab which flows nicely from the PAVE
rubric as seen in figure 2.7 (see Appendix B for additional discussion).
In all, the short assessment is both a measure of learning that has taken place during the
Zombie Lab and a means to connecting teaching and learning. In particular, the assessment
targets much of the higher order learning that takes place during the Zombie Lab and helps
to explain how the PAVE framework is dovetailed into and influences learning as illustrated
in figure 2.7. In order for PAVE to be useful it must promote learning and the assessment
described above is one method of determining whether that goal was achieved.

2.4.1

Learning Assessment

The 52 ODE students completed pre/post-testing before and after the lab activity to
assess learning. The test was initially given the first day of the lab and then given again the
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Figure 2.7: An illustration of how the pedagogical strategies of PAVE overlap with the
targeted learning levels (as described in [6]) along with a brief description of the test items
used in the pre-and post-test to assess whether the lab objectives were achieved at those
learning levels. Note how the pedagogical strategies of PAVE intrinsically line up with many
levels of higher cognition.
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day after the lab was completed. There was no other discussion of the test nor its content.
Additionally, none of the content of the test was directly related to the lab. While one of
the main foci of the lab is to achieve learning objectives at higher learning levels (figure
2.7), the learning assessment also contained a few items geared towards lower learning levels
(see Appendix A for test items). Student responses improved uniformly across test items
2.8.

Figure 2.8: Results from pre-and post-test indicate improvement in each test question. Test
questions focused on Zombie Lab learning objectives along with the learning levels at which
students were expected to achieve the objectives during the Zombie Lab. Test questions
are available in Appendix A with a discussion of test questions in Appendix B.

In undergraduate mathematics students rarely have the opportunity to interact with
data and create their own models. The Microsoft, data manipulation and rabbit test items
(numbers 1,2 and 3 respectively) from the pre- and post-test measure various aspects of
how well students are able to create a mechanistic model from data at a number of learning
levels (construct-a-concept,discover-a-relation, creative thinking and comprehension-andcommunication). Each of these items saw an increase in student performance.
The Microsoft test item saw an increase from 20% to 37% in correct student responses
from pre- to post-test with most of the correct responses occurring at the discover-a-relation
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learning level (e.g., students reason inductively that per capita growth is constant,

Ṗ
≈
P

3700 ⇔ Ṗ ≈ 3700P , and therefore the population growth must be exponential). On the
post-test, a few students answered the prompt at the construct-a-concept learning level by
noting how the data looked similar to textbook/internet examples of exponential growth
they had encountered while creating a model for the zombie lab.
Acceptable responses to the data manipulation test item (item 2) increased from 26%
to 50%. In nearly every correct response, there was evidence of creative thinking and
comprehension-and-communication learning levels. Students consistently used divergent
reasoning to produce various ways of arranging population data (creative thinking learning
level) and then effectively communicated how that arrangement could be useful (comprehension and communication).
The rabbit test item (item 3) also saw an increase from 19% to 31% in correct responses
from pre- to post-test. Like the Microsoft test item, in nearly all the correct solutions students reasoned inductively that per capita growth is linear,

Ṗ
≈ −0.3P + 3 ⇔ Ṗ ≈
P

P (−0.3P + 3), and thus the population growth would be approximately logistic(discovera-relation learning level). Additionally, successful students effectively communicated biological descriptions of their model’s terms (e.g., intrinsic growth rate is approximately
0.3 and the rabbit populations carrying capacity is approximately 10)(comprehension and
communication).
Similarly, correct scores increased from 22% to 36% on the Gompertz test prompt (item
4). All students who achieved the computation of equilibrium solutions objective did so at
the algorithmic skill level by following the procedure presented a couple of class sessions
before the start of the lab (i.e., set

dT
= 0 and solve for T ). The solution curves objective
dt

of the Gompertz test was accomplished at the comprehension-and-communication learning
level by accurately describing the dynamics of the equation through the sketching of solution
curves.
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The final test item, regarding students opinions about the utility of mathematics in
the study of disease, also saw a 74% to 83% increase in students’ scoring from pre- to posttest. Most of the increase from pre- to post-test is due to students shifting their response
from “Mathematics is useful to some scientists in solving problems of limited use to a
few scientists working in theoretical areas” (option b) to “Mathematics is of fundamental
importance as the study of disease is a quantitative science” (option a). There were also a
handful of students who shifted their response from “Mathematics is irrelevant” (option c)
to option b or a. These students accounted for the remainder of the increase in test scores.
Perhaps most importantly, no student decreased in appreciation (e.g., shifted answer from
option a to option c).

2.5

Discussion/Conclusion
The results from the Microsoft, data manipulation and rabbit test items suggest that

students became more proficient at accomplishing modeling tasks after completing the Zombie Lab. Naturally much learning-by-doing occurred since this was the first time most of the
students had ever created their own mathematical models. However, the PAVE approach
certainly contributed to many students learning at higher cognition levels. The PAVE design creates opportunities for instructor scaffolding, leading to higher student cognition,
which was evidenced by both test performance and student responses.
In addition to the pre-and post-test, student’s comments regarding the lab were noted
throughout the activity. Based on their reactions, students are greatly intrigued the Basic
Zombie Game and the Logistic Model used to describe the data. It is satisfying for the
students to see how the Logistic Model works with respect to an authentic problem and
receive visual feedback regarding its success. Additionally, students expressed that analyzing where the model is failing and hypothesizing how they might fix it gave them greater
confidence in correcting their own models in the HvZ portion of the lab.
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While students are legitimately interested in the Basic Zombie Game, there is an added
level of enthusiasm regarding the HvZ data and the challenge of creating their own model for
a phenomenon that many of them experienced first-hand as game players. Students emphasized in their reports how this was the first time they felt responsible for their own learning.
As one student said, “I wanted to prove to myself that I can use math to do new things.”
Some made comments about how learning mathematics “...this way made me understand
things I thought I already knew.” However, there are also students that feel the instructor
is “holding out on them.” They feel that, like their textbook problems, the instructor has a
solutions manual containing the model that will perfectly describe the data. Even though
the opportunity to discover mathematics is foreign to most students, students mentioned a
number of times how “[t]he group work was fun and we liked the freedom to figure it out
with whatever method we chose.” Activities and problems that promote discovery tap into
students’ innate capability of curiosity which intrinsically motivates students to perform at
higher levels.
Students commented about how they can better see how mathematics can be a vital
tool in telling a story. They expressed how using mathematics in an authentic data-driven
manner kept them focused on both creating a final mechanistic model and the narrative it
tells. Additionally, the students talked about how playing the HvZ game or simply having
seen people play the game made them feel more comfortable with the task. They felt a
“...good understanding of the data since [they] helped to create it.” Students also mention how they (re)learned many “real-life” techniques (least squares approximation, Euler
solvers, etc.) that they could see being useful beyond the class. Due to the authentic nature
of the activity, mathematics became the principle means to understanding and explaining
the HvZ data.
In addition to showing improvement in a variety of areas, student performance indicated deep thinking during initial problem confrontations on the pre-test, then later more
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ease and fluency in their application of mathematical procedures and topics on the posttest. This is particularly obvious in the model development questions (the Microsoft and
rabbit questions). In the pre-test every student that answered correctly appears to have
“discovered the relationship” through inductive reasoning. They worked hard to explain
the logical basis for their models while detailing what course of action led to their particular belief and why their proposal constituted a reasonably good model. However, on the
post-test many of the correct answers occurred at the “application” and “algorithmic skill”
learning levels. Rather than searching and discovering, students used deductive reasoning
to determine what model they thought would fit the data and then methodically followed
approaches taken in the Zombie Lab to support their claims. Simply put, modeling tasks
that previously required high order thinking had become over the course of the Zombie Lab,
much more straightforward and a bit more routine.
The most critical result is conceivably the boost in students’ level of appreciation.
While the 9% increase from pre- to post-test is smaller, the differential equations classes in
which the lab was performed were largely comprised of engineering students—students who
were already convinced of the utility of mathematics. Yet their PAVE based lab experience
appears to have further convinced them of mathematics usefulness.
In addition to the test scores, the influence of the PAVE rubric can be seen in students’
feedback. The open nature of the Zombie Lab encouraged students to explore and use any
resource or concept. There was no correct answer or model and thus students were free to
develop their own conclusions. Within the student responses we see that the students interpreted the driving force(s) behind rise and fall of the zombie population quite differently.
Not one of these stories was intrinsically “right or wrong.” The students were empowered
with the freedom to follow their own line of thinking. Since students were able to pursue
a model of their own creation, they became more familiar with the mathematics needed to
generate their model and thus, were able to use mathematics to communicate and illustrate
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their hypotheses much more fluently than we typically see in undergraduate courses.
Furthermore, students were willing to seek out and learn techniques that are used by
researchers and professionals in order to meet the demands of the task. Mechanistic models
were built which both predicted the zombie population and alluded to the driving forces
behind the dynamics. Students consistently utilized the entire data set when parameterizing
their models (e.g., least-squares minimization) rather than relying on the less formal “picka-point” method seen in the textbook.
The HvZ game, when played on campus, is highly visual and quite distracting. By
designing a lab that brings some of that excitement into the classroom in a way that allows
students to see whether their successful, students are able to better interpret the dynamics
of their models and the data. Giving students problems that are naturally compelling and
interesting enables the teacher to press for greater understanding with little resistance. In
the Zombie Lab many of the students were keenly interested in the activity so they would
have a “leg up” on the competition the next time the game was played. They could see the
immediate utility of learning about and understanding the data.
Achieving objectives at higher learning levels is certainly one of the main targets of
PAVE and PAVE increases the likelihood that the Zombie Lab promote discovery, inciting
multiple approaches and discussions that may diverge greatly from the typical curriculum.
Since students work with data they were involved with and understand, they get immediate
visual feedback on their success, which helps move the instructor away from the role of judge
toward the roles of coach and collaborator. Since the lab is engaging, students respond
positively to scaffolding and are more willing to make their own discoveries and seek out
and use authentic mathematical techniques. PAVE sets the instructor up for success, but
it is the art of teaching that ensures higher level learning actually occurs.
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Appendix A: Pre-/Post-test
In order to better assess student learning, tests were administered before and after
the lab. Questions from the tests along with the targeted learning levels are listed below.
Learning levels as defined in [6], “...determine the manner in which students will mentally
interact with the objective’s mathematical content once the objective is achieved.” Targeted
learning levels are not included in the student version of the test.
1. (Discover a Relation, Construct a Concept) John is studying how some businesses
flourish over time. Using the reported per capita employee growth of Microsoft from
1990-2005, John calculates and draws the line of best fit. He then conjectures that
Microsoft experienced exponential employee growth over that interval. Explain why
you either agree or disagree with John’s assessment [7].

Figure 2.9: Plot for test item 1 displays percapita growth data of Microsoft employees from
1990 to 2005 along with the line of best fit.

2. (Creative Thinking, Comprehension-and-Communication) Given data describing the
population, P over time, list three different plots (or ways of arranging the data) that
may help you develop a model and give reasons for your choices.
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3. (Discover a Relation, Comprehension and Communication) On the virtual farm, the
virtual farmer has been simulating a new breed of digital rabbits. His observations
are presented in the plot below. Use the virtual farmer’s data to develop a population
model. Be sure to give a biological description of any parameters you may introduce
along with a description of their units.

Figure 2.10: Plot for test item 3. Percapita growth of a fictional rabbit population is
displayed along with the line of best fit.

4. (Algorithmic Skill) Tumors are cellular populations, T , growing in a confined space
where the availability of nutrients is limited. The Gompertz curve has been successfully fit to data of growth of tumors. The Gompertz differential equation is of the
form
dT
= rT log
dt



K
T



where r is the intrinsic growth rate. What are the equilibrium solutions of the Gompertz equation?
(Comprehension and Communication) Sketch a few solution curves that illustrate the
dynamics of the model.
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5. (Appreciation) In your opinion what is the role of mathematics in the study of disease?
Mathematics is (circle one)
a. of fundamental importance as the study of disease is a quantitative science
b. useful to some scientists in solving problems of limited use to a few scientists
working in theoretical areas
c. irrelevant
Write a sentence or two explaining your choice above.

Appendix B: Pre-/Post-test Alignment with Learning Levels
The first test item is about the number of Microsoft employees from 1990 and 2005. A
plot of the per capita employee population growth as well as the line of best fit (a constant
function) are provided. The student must determine whether the data and the given line
of best fit indicate that the number of Microsoft employees was growing exponential from
1990 to 2005. The test item targets “construct a concept” or “discover a relation” learning
levels since the student must either distinguish that the given data is indeed an example
of exponential growth (construct a concept) or the student must discover that the data is
exponential (discover a relation).
Since creating models from data frequently involves the manipulation of data in order
to develop model ideas, the second test item asks students to “...list three different plots (or
ways of arranging the data) that may help you develop a model and give reasons for your
choices.” The “creative thinking” learning level is the primary target, but the question also
asks students to interact with the material at the “comprehension and communication”
learning level since they must also communicate how the arrangement may be useful in
model creation.
The initial part of the third test item is similar to the first, except its focus is on a
fictitious rabbit population. The students are given the per capita growth of the rabbit pop-
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ulation and the line of best fit (a decreasing line) and asked to create a model from the data.
Ideally, the student would either construct the model at the “discover a relation” learning
level by discovering how the given plot leads to the logistic model or alternatively, the student may construct the model at the “construct a concept” learning level by distinguishing
the data as an example of logistic growth. The second portion of the test item addresses
our aim of creating biologically meaningful models. In addition to creating a model, the
student is also expected to give a mechanistic description of terms in their model for the
rabbit population (“comprehension and communication” learning level).
Test item four targets is more in line with a typical differential equations course. It asks
students to compute equilibrium solutions of a tumor growth model, Gompertz equation
 
dT
K
= rT log
, where T is the cellular population, r is the intrinsic growth rate and
dt
T
K is the carrying capacity. The student would find the equilibrium solutions at the “algorithmic skill” learning level by remembering and properly executing the steps to find the
equilibrium solutions. Additionally, item four directs students to draw a few representative
solution curves to the Gompertz equation. The test item targets the “comprehension and
communication” learning level since the student must communicate through the sketch that
the curves drawn indeed represent the family of solutions to the Gompertz equation.
Given that most students in differential equations classes are aiming for a profession
that tends to be “math heavy,” we wanted to determine whether participating in the Zombie
Lab, a more credible experience, would impact their perception of the utility of mathematics
in disease study. Hence, the fifth test item specifically asks students’ opinion of the role
of mathematics in epidemiology. The test item is situated firmly at the “appreciation”
learning level since the student must indicate whether the mathematical content has value.
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CHAPTER 3
YEAST FOR MATHEMATICIANS – A FERMENT OF DISCOVERY

3.1

Introduction
There is a large gap between mathematics as it is usually taught in postsecondary

settings and the professional needs of practitioners in academia and industry. College math
classes focus on classical knowledge developed (mostly) 150 years ago, and homework is
largely rote, focusing on algorithmic skills, factual knowledge and vocabulary. In direct
contrast, a variety of professional, educational and industrial groups have pointed out the
need for alternative skills among STEM professionals [6], [8], [19], [4]. These skills include
abilities to:
• Develop models and adapt mathematical techniques to novel situations,
• Draw meaning from data,
• Think critically and creatively about quantitative problems,
• Use computational tools to provide timely answers,
• Work effectively in teams,
• Communicate results clearly and concisely.
Over two thirds of employers [4] value these skills among STEM graduates, as compared with
only 18% valuing traditional math skills. And while the traditional skills are undoubtedly
prerequisite for post-secondary STEM educators, similar integrative, creative and ‘soft’
skills are necessary for research and professional success.
This is particularly evident in mathematical biology where there are few accepted models and mathematics is continually being developed to describe and explain data generated
by biological innovations. Perhaps no other mathematical discipline so depends on nontraditional mathematical skills to make progress. It has been argued [21] that the optimal
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mental state for a student to learn such skills is precisely the mental state in which a professional applied mathematician would approach a novel biological problem. To make this
possible in a classroom context we have created a number of Laboratory Experiences in
Mathematical Biology (LEMBs) that allow students to generate their own novel solutions
and learn by emulating professional mathematical biologist behavior rather than passive
absorption through lecture. Existing LEMBs deal with thermoclines in lakes and oceans
( [3]), movement of brine shrimp ( [15]), disease dynamics ( [18]), and compartmental flows
illustrated by leaky buckets ( [22]).
While the current set of LEMB resources highlight and encourage development of key
skills for math-biologists a lab focused on modeling populations is missing. While there
are many data sets available for populations, we believe that collection and organization
of data by students is critical for LEMB success ( [15], [21], [22]). Nevertheless, data
collection in a typical mathematics classroom is routinely problematic. This is especially
true concerning modeling populations, a fundamental component of mathematical biology.
Generally organisms are too big or too small or require special conditions, and the time
scale over which dynamics occur is often too drawn out to be tenable for a math class.
Using yeast as a model population organism addresses many of these difficulties. Yeast
grow rapidly in easy media and require no special care. On the one hand, yeast is an
ideal candidate for students to model mathematically. As Gause states in The Struggle for
Existence [12] “...yeast cells are sometimes subject to perfectly definite quantitative laws.
But it has also been found... their trends often do not harmonize with the predictions of
the relatively simple mathematical theory.” These characteristics allow students to initially
engage in modeling yeast dynamics with relative confidence but still challenges students to
critically and creatively adjust their models in light of their data. However, yeast are unicellular. Getting population counts directly can be quite a chore, requiring either microscopes
and tedious counting or dilution and photospectrometry, both of which are problematic in
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math classrooms.
Rather than using specialized equipment, we have developed a lab in which yeast is
grown in a small, capped flask, generating carbon dioxide which is trapped in an inverted jar
for measurement purposes. The volume of carbon dioxide produced can either be measured
directly or by using a time-lapse photo application on a tablet computer. The simple setup
produces data that easily integrates into math courses and allows students to behave like a
research faced with new biological phenomena.
One big hurdle is the students’ natural assumption (and in a typical classroom, correct
assumption) that they only need to convince their teacher and not necessarily their peers.
That is not usually the case for mathematical researchers, who are primarily concerned
with understanding phenomena and persuading their peers. The educational success of a
LEMB depends strongly on the instructor being able to adopt a collaborator/mentor role to
facilitate student exploration and creativity. Our most successful lab experiences occur when
professors “scaffold” student learning, helping them to develop models and techniques to
apply these models but not directing or judging their progress. This technique is particularly
helpful when students have the perception that they are exploring new territory.
To help motivate students and encourage a collaborator/mentor role for instructors
we propose model competition as a scientific backdrop. Model competition is a scientific
paradigm gaining prevalence in ecology, due in part to the difficulty of performing reductionistic experiments to falsify particular hypotheses in ecological systems. In model
competition multiple hypotheses are advanced simultaneously (in the form of models) and
allowed to compete in an arena comprised by common data [12]. Quality of fit is adjudicated by information-theoretic metrics like the Akaike Information Criterion (AIC, [2]) or
Bayesian (or Schwarz) Information Criterion (BIC, [24]), each of which balances elegance
(simplicity, measured as number of parameters) and goodness of fit (measured as deviance
between model and data).
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For our purposes, model competition, where the goodness of a model is not decided
by the instructor but by a common metric, is a simple means of putting students and instructors in a creative and collaborative frame of mind. Model competition magnifies the
instructor’s roles as mentor and advisor while minimizing the lecturer and grader components. For our purposes, the Bayesian Information Criterion is generally an appropriate
measure for determining which model is best. BIC encourages models that fit the data well
with few parameters, has a simple formulation, and can easily be conveyed to upper division
students. Given that is commonly used by professional modelers, using BIC to moderate
model competition is an authentic way to facilitate lab-based pedagogy in a math class.
In this paper the materials used to launch the Yeast Lab are discussed as is the simple
logistic model adapted to CO2 observations. BIC is developed in a context suitable for
undergraduates. Some of the approaches produced by students in our mathematical biology
lab are discussed to give instructors an idea of what students come up with to better scaffold
student learning in their own classes. Pedagogical guidance and support is provided so that
the Yeast Lab can be incorporated as a real-life example of modeling and model competition
into mathematics, statistics and biology courses.

3.2

Launching the Lab
The Yeast Lab is normally run at the same time or just after a computational lab

covering techniques of numerical solutions to differential equations. Before the lab is executed, students spend time discussing simple growth models (e.g., linear, exponential) along
with parameters (e.g., growth rates, initial conditions) and independent/dependent state
variables. How per-capita growth and resource utilization lead to some more advanced population growth models, particularly the logistic equation, is also considered. The behavior
and solution of the logistic model is examined as well as methods of parameter estimation
(e.g., plotting per-capita growth and using linear regression, using the knee and tail of the
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curve separately to get intrinsic growth and carrying capacity, logistic regression, or nonlinear fitting techniques) and the ecological meaning of parameters (intrinsic growth rate
and carrying capacity). Below we provide a brief introduction to yeast and a derivation and
parameterization of the logistic model in the context of the Yeast Lab.

3.2.1

Why Yeast?

Considering that yeast is one of the oldest domesticated organisms, it makes sense
that yeast has a long history in mathematical biology. Yeast is popular due to its practical
importance in the food and beverage industry, and as a eukaryotic organism it shares many
cellular characteristics and mechanisms with more complicated multicellular eukaryotes, like
humans. Pragmatically, yeast works as a model experimental organism because it grows
readily on simple media, reproduces by budding and gives investigators absolute control over
its environmental parameters. While yeast will always be primarily known for its service
in producing delicious breads, beers and wines it has a long experimental history. Notably,
Gause relied on yeast in The Struggle for Existence [12], which is a classic in quantitative
population ecology. Yeast was one of the first organisms to which molecular approaches
were applied to in the 1950’s, and in 1996 yeast (Saccharomyces cerevisiae) was the first
eukaryote to have its genome sequenced. Ultimately yeast represents “an ideal system to
investigate cell architecture and fundamental cellular mechanisms” and thus, yeast has been
a common experimental choice [10].
Of the many similarities yeast share with other eukaryotes, cellular respiration is particularly important. Producing energy for most organisms is all about creating adenosine
triphosphate (ATP) from sugar molecules. ATP is the basic “molecular unit of currency”
of intracellular energy transfer [18], providing energy for most cellular functions, including
synthesis of proteins and assembly/disassembly of cellular structures. In the presence of
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oxygen, the oxidation (burning) of glucose gives
Glucose

z }| {
C6 H12 O6 +6O2 → 6CO2 + 6H2 O

(3.1)

and during this process up to 38 ATP are created (although practically speaking the yield
is more like 30 ATP). In the absence of oxygen, however, fermentation occurs and
Glucose

Ethanol

z }| {
z }| {
C6 H12 O6 → 2CO2 + 2 C2 H5 OH,

(3.2)

which produces only 2 ATP – about 15 times less efficient than the aerobic pathway. Presumably the energy generated keeps the yeast cell alive and allows it to bud (reproduce
– yeast cells make little buds, which fall off and become adult yeast cells). As alcohol
(ethanol) is produced fermentation declines and as the percentage increases S. cerevisiae
dies. To generate higher concentrations of alcohol (above 14%) either alternative species of
yeast or distillation is required.
After discussing yeast biology we play a video of a past experiment and/or show the
data so that students get a sense of what to expect. The class experiment, or experiments
in individual groups, can then be set up. While the yeast are fermenting, student groups
will meet and create an alternative model (i.e. substantially non-logistic) for population
growth. Students need to formulate strategies for explaining their model, generating solutions, finding parameters, and comparing their model with a parameterized version of the
logistic model (and data).

3.2.2

Student Expectations and Lab Agenda

In Utah State University’s Math-Biology Lab students confront real-world experiments
as mixed-educational teams. Students are typically comprised of upper-class undergraduates and graduate students from math, statistics, biology, natural resources and biological
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engineering. For the Yeast Lab students are divided into teams so that each team has a
member with deeper biological background and someone with exposure to nonlinear fitting
techniques and numerical methods for solving differential equations.
Teams are expected to:
• Create a model that is significantly different than the logistic model to predict the
height of the CO2 column generated from the growing yeast population.
• Calibrate the model (estimate the parameters) using the collected data.
• Calculate BIC for both the logistic model and the students’ alternative model.
We ask students (or student groups) to produce a short written report or present their
findings via PowerPoint/Beamer. The reports should include:
• Their alternative model, with a mechanistic explanation for terms.
• Description of solutions and solution procedure, as well as how solution curves do/do
not reflect observations.
• Description of parameters required (and their units) as well as procedure used to
estimate them.
• A graphical comparison of the logistic and alternate models, along with the data.
• An answer to the questions:
– Which model better reflects the data, and why? How does this confirm/invalidate
any assumptions that you made for your alternate model?
– For what else could you use this modeling approach?
– What did you learn from this experience?
Loosely, the in-class portion of the Yeast Lab proceeds as follows:
1. Lecture: Yeast Lab introduction and data collection setup [15 min]
2. Lecture: Derivation of logistic model [20 min]
3. Group Time: Discussion and development of alternate models [20 min]
4. Lecture: Derivation of BIC and computation of logistic model BIC [15 min]
5. Class Discussion: Groups present alternate models, calibration strategy and BIC score
[45 min]
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This agenda is typically accomplished over the course of a few class periods with the
expectation that students are meeting and discussing their alternative models and calibration strategies. The details of the schedule can be compressed or expanded as needed (e.g.,
setup and recording of reaction can occur before class). If the lab is used as an example of
the utility of mathematical technique (e.g., separation of variables or numerical solutions
to ODEs) one of the models discussed below can be provided for the class to work with
along with data collected in/before class. Assessment of the students’ work is done either
via written report or oral presentation.

3.2.3

3.2.3.1

Lab Materials and Methods

Materials

Ideally, each group will be able to create and record their own data. This allows
groups to get a hands on connection with the data (which is useful when it comes to
modeling), potentially reserve a data set as the competition/validation data and protect
against a potentially bad batch of yeast. Depending on the class, students can either
organize themselves and take turns recording the data every 15 minutes over the 9 or 10
hours required or iPads, or similar, can be used with a time-lapse application to record the
data.
The following materials are needed (for each group):
• Approximately 500 ml flask, with cork and flexible tube.
• 1 quart Mason jar (or similar).
• 1 plastic container, maybe about 2 inches tall, large enough to comfortably contain
the Mason jar with two or more inches of clearance around the jar.
• iPad (or similar) with charger and application for time-lapse pictures.
• Food coloring.
• Ruler approximately as tall as Mason jar, two rubber bands. Make sure the ruler and
its markings make a nice contrast to the food coloring.
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• 1 package dry yeast (1/2 tsp or 1.4 gm).
• 1.5 tsp granulated sugar (6 gm).
• 300 ml distilled water (room temperature).

3.2.3.2

Methods

1. Put 300 ml of distilled water in flask and innoculate with 1/2 tsp of dry yeast. Swirl
to mix and allow the yeast to rehydrate for 5-10 minutes.
2. While this is happening, organize the visualization apparatus:
(a) Fill the Mason jar to brim with tap water and a few drops of food coloring for
visualization purposes. Cover with plastic container and with both hands flip
over so that the Mason jar is inverted and full of fluid. Add a little more colored
liquid (around 1cm deep) to help maintain a seal.
(b) Affix a ruler to the side of the Mason jar with the rubber bands.
(c) Set up the iPad application to take a picture every 15 minutes, and then place
the iPad (plugged in so it won’t run out of juice) to get a good view of the ruler
on the side of the jar. Make sure the area will be lighted during the next 24
hours (either leave the room light on or place a desk lamp nearby to illuminate).
3. Add the 1.5 tsp sugar, swirl again, then cap the flask using a stopper with surgical
tubing already attached.
4. After swirling has settled down and yeast has begun to bubble (∼ 5 min) snake the
surgical tubing underneath the lip of the Mason jar as seen in figure 3.1, being careful
not to lose the seal on the liquid. Rest the jar back down on the tubing (it will no
longer sit perfectly straight – you can fix this if you want by slipping a couple of short,
cut pieces of tubing underneath the edges of the jar). You may want to release enough
liquid from the jar so that the fluid height is at a uniform cross-section of the jar.
5. Start the iPad application and take some data! Example data appears in Figure 3.2.

3.2.4

Logistic Model

The logistic model is a traditional starting point for describing the yeast populations.
The model was originally developed by Pierre-François Verhulst in 1838 [27] to describe
when the rate of reproduction is proportional to both the existing population and the
amount of available resources. The logistic model was used extensively by Gause, one of
the first to study yeast quantitatively. In The Struggle for Existence [12] Gause published
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Figure 3.1: Diagram of the experimental apparatus. Yeast in the flask produces CO2 , which
is captured in a Mason jar for measurement purposes. Fixing a ruler to the side of the jar
and dying the fluid in the jar is very helpful for collecting data.
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Figure 3.2: Measured heights of CO2 produced by yeast growing on sugar in a flask. Note
how the data looks somewhat logistic but is not perfectly symmetric. Data was collected
by time-lapse video on an iPad, with frames taken every 15 minutes.
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what is now known as the competitive exclusion principle, or Gause’s Law, which states
that when two species compete for same survival requirements, the more efficient species
will reproduce at a higher rate and drive the less efficient species towards local extinction.
In the process of developing the competitive exclusion principle, Gause ran a series of
experiments that validated the logistic growth equation for yeast in an environment with a
limited nutrient.
The logistic equation can be derived by keeping track of two dependent variables: Y ,
the population density of yeast cells in the solution, and S, the concentration of sugar in the
solution. The model will assume that the solution is well-mixed, with no spatial structure
to either variable, and that temperature, oxygenation, etc. are held constant.

3.2.4.1

Conservation and Per-Capita Growth

A model of the interaction between yeast and sugar must account for two facts: sugar
must be used for the yeast population to grow, and the rate of population growth is proportional to the size of the population. The first of these two facts basically means that
for every increase of the yeast population there is a corresponding decrease in the sugar
concentration, which may be written mathematically as

Ẏ = −aṠ.

(Recall that Ẏ is the same as

dY
dt

(3.3)

). Here a is the amount of sugar required to produce a

fuzzy baby yeast. The second effect can be written

Ẏ = g(S)Y,
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where g(S) is the per-capita growth rate of the yeast population, which depends on the sugar
concentration. Assuming g ∝ S gives a second equation for rate of population growth,

Ẏ = bSY.

(3.4)

The parameter b can be interpreted as the rate of growth per sugar concentration.

3.2.4.2

Derivation of the Logistic Equation

Equations (3.3) and (3.4) can be reduced to a single nonlinear equation. Let Y (t =
0) = Y0 and S(t = 0) = S0 , and integrate both sides of (3.3):
Z
−a

t

Z
Ṡ dt =

0

t

Ẏ dt
0

⇒

Y0 Y (t)
1
−
.
S(t) = S0 − (Y (t) − Y0 ) = S0 +
a
a
a

Substituting this result into (3.4) and factoring gives


b(aS0 + Y0 )
Y
Ẏ =
Y 1−
.
a
(aS0 + Y0 )
Now define
K = (aS0 + Y0 )

and r =

b(aS0 + Y0 )
a

to get the standard ecological form of the logistic equation:


Y
Ẏ = rY 1 −
,
K

(3.5)

where r is the intrinsic growth rate of this population for this density of sugar and K is the
carrying capacity of this sugar solution.
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3.2.4.3

Logistic Curve and Relation to CO2 Data

Using standard separation of variables and the initial condition Y (0) = Y0 , the logistic
equation (4.18) can be solved to get

Y (t) =

KY0
.
Y0 + (K − Y0 )e−rt

(3.6)

The trouble here is that students are not measuring yeast concentrations, but rather the
height of CO2 in a jar resulting from respiration of the yeast. A simple model (but by no
means the only model!) for the volume (V ) of CO2 produced would be that the volume of
CO2 grows in direct proportion to the growth of yeast,
dV
dh
dY
=A
=c
,
dt
dt
dt
where h(t) is the predicted height and A the cross-sectional area of the jar containing the
CO2 . Integrating both sides of the equation and noting that h(0) = 0,

A(h(t) − h(0)) = c(Y (t) − Y (0))

⇒

h(t) =

c
(Y (t) − Y0 ) .
A

(3.7)

Plugging in (3.6) and factoring gives a prediction for the height of CO2 produced by the
growing yeast,



cY0
K
cY0
K − Y0
h(t) =
−1 =
1 − e−rt .
−rt
−rt
A Y0 + (K − Y0 )e
A Y0 + (K − Y0 )e

(3.8)

This may look like it has five parameters, but if one divides top and bottom by K and
defines
def

α=

cY0
A

def

and β =

Y0
K
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then (3.8) becomes
h(t) = α


1−β
1 − e−rt .
−rt
β + (1 − β)e

(3.9)

Now there are only three parameters, with units commensurate with the data; α has units
of height (mm), β is a unit-free shape parameter representing initial yeast as a fraction of
carrying capacity, and r is a growth rate parameter with units of hrs−1 .

3.2.4.4

Qualitative Behavior and Ballpark Parameters

Even if there are only three parameters, parametrization still takes some effort. To do
a good job one should do some maximum likelihood or least squares fitting (see below).
But ’ballpark’ parameter values can go a long way to help students understand the model.
First off, the long time limit of (3.9) gives

h(t) →

α(1 − β) set
= hmax ,
β

(3.10)

where hmax is the end amount of CO2 produced (in the case of the sample data hmax ≈ 74).
This means we can replace α with something a more observationally relevant,

α=

βhmax
(1 − β)

⇒

h(t) =


hmax β
−rt
1
−
e
.
β + (1 − β)e−rt

(3.11)

In the solution to the logistic equation (3.6) the initial condition is explicit, but in the
case of (3.10) the initial condition is always zero. However, the slope at zero (let’s call
it m0 ) is significant, and reasonably easy to estimate from the first couple of data points.
Taking a derivative,

h0 (t) =

rβhmax e−rt
β + (1 −

2
β)e−rt

⇒

m0 = h0 (0) = rβhmax .
def
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Plugging r =

m0
βhmax

in to (3.11) gives
hmax β

h(t) =

β + (1 − β)e

which now has only a single parameter, β =
hmax ≈ 74 and m0 ≈

h(3)−h(1)
.5



m
− βh 0 t
max

Y0
K.

1−e

m0
t
max

− βh



,

(3.12)

For the sample data we can estimate

= 6; the effects of varying .075 ≤ β ≤ .175 are illustrated

in Figure 3.3; Something around β = .135 seems like a pretty good fit, suggesting that
Y0 is approximately 13.5% of K in this situation. However, the fit could clearly use some
improvement – as Gause suggested, yeast data is full of surprises for modelers! The fact that
a standard and accepted model fails to capture the behavior of the data is a springboard
for students to develop better models of their own.

3.3

Model Competition
In the process of setting up the Yeast Lab, collecting data, and presenting the logistic-

based CO2 model we challenge students to produce a better model. The question then
becomes “What does better mean?” Students are quick to point out that “better” means
the winning model hits more of the data points, but many competing modes fit well in
some places and poorly in others, making model selection difficult. Moreover, it is possible
to gain a better fit by adding parameters, but doing so typically results in overfitting. A
variety of information theoretic measures of model performance have been developed to
assess quality of fit while penalizing for complexity. While Akaike Information Criterion
(AIC) [1] is simplest, the Bayesian Information Criterion (BIC) can be derived reasonably
in an upper division mathematics class. Presented here is a simple derivation suitable for
math juniors and seniors. Alternatively, the BIC or AIC metrics can be presented and
discussed qualitatively.
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Figure 3.3: Predicted heights compared with measured CO2 heights (*) produced by yeast
growing on sugar in a flask. The shape parameter, β, was varied between β = .075 and
β = .175 by steps of 0.01. The highlighted curve, with β = .135, gives a nice visual fit.

3.3.1

BIC Derivation

BIC was introduced in 1978 by Gideon Schwarz [24] and is sometimes called the Schwarz
Information Criterion. The idea is that in a competition among models, mediated by
common data, we should choose the model that is most probable given the data. For
our specific data, let hj represent the observed height of the air column at time tj and
h(tj ; θ̄) represent the predicted height at time tj generated by the candidate model M using
parameters θ̄ = {θ1 , θ2 , θ3 . . . θk }.
Using Bayes’ Theorem we can write (formally)

p(θ̄|data)p(data) = p(data|θ̄)p(θ̄),

where p(θ̄) are prior probabilities of parameters representing the state of knowledge about
model parameterization before the experiment and errors which keep the model from hitting
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data are captured by the likelihood, p(data|θ̄). The posterior distribution, p(θ̄|data), for
the parameters given the data can be written

p(θ̄|data) =

1
p(data|θ̄)p(θ̄).
p(data)

The data probability, p(data), is unknown but is the same across all models (and therefore
irrelevant to model competition). Model probability, P (M |data), is the integral of the
posterior over all parameter possibilities

P (M |data) =
=

Z
1
p(data|θ̄)p(θ̄)dθ̄
p(data) θ∈Θ
Z
1
L (θ̄; (tj , hj )nj=1 )p(θ̄)dθ̄.
p(data) θ∈Θ

(3.13)

Here Θ is the parameter space (or support of the distribution), and we introduce the standard statistical notation for p(data|θ̄) = L (θ̄; data) as the likelihood function associated
with the model and data.
Normally (3.13) can not be calculated in closed form. However, it can be approximated
using maximum likelihood estimates (MLE) for parameters and an asymptotic expansion
of the integral. In order to make P (M |data) as big as possible, we seek the parameters that
maximize L (i.e., we will follow Fisher’s MLE approach [11]). Assuming normal error,

L (θ̄; data) =

n
Y
j=1

√

1
2πσ 2

e

¯ 2
(h −h(tj ,θ))
− j
2σ 2




n
X

n
1
= exp − ln 2πσ 2 − 2
(hj − h(tj , θ̄))2 
2
2σ
j=1
|
{z
}
−N LL(θ̄|data,σ)

(3.14)
where N LL is the Negative Log-Likelihood and σ is the standard deviation of the model
error.
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The parameters that minimize N LL also maximize L . Let

θ̂ = min N LL(θ̄|data).
θ̄∈Θ

Then for each parameter θi
∂
N LL(θ̂) = 0,
∂θi

and

∂2
N LL(θ̂) > 0.
∂θi2

Now, consider the integral in (3.13). Assuming that NLL is twice continuously differentiable
in a neighborhood of θ̂ we can expand NLL in a Taylor series,

N LL(θ) = N LL(θ̂) +

n
X

1 ∂ 2 N LL(θ̂)
(θ1 − θ̂1 )2 +
2
∂θ12

j=1

1
2

∂ 2 N LL(θ̂)
∂θ22

1 ∂ 2 N LL(θ̂)
(θk − θ̂k )2
(θ2 − θ̂2 )2 + · · · +
2
∂θk2

!
+ · · · (3.15)

where k represents the number of parameters. Here we have assumed that the parameters
are all independent so that mixed second partials vanish (f not, it is possible to make a
change of variables that force the mixed partials to be zero).
Since
∂2
N LL(θ̂) > 0
∂θi2
we can scale the parameters such that
∂2
N LL(θ̂) = 1,
∂θi2
giving

N LL(θ) = N LL(θ̂) −

i
nh
(θ1 − θ̂1 )2 + (θ2 − θ̂2 )2 + · · · + (θk − θ̂k )2 + ...
2

(3.16)
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Working this final result into (3.13) for L , we have
Z

∞

P (M |data) ∝

e

−N LL(θ̄|data,σ)

Z

∞

p(θ̄)dθ̄ ∝

−N LL(θ̂)

e

 −(θ −θ̂ )2

−(θk −θ̂k )2
1
1
n/2
n/2
e
···e
· · · p(θ̄)dθ̄.
(3.17)

−∞

−∞

Schwarz’ idea was too look at the dominant exponential contribution to (3.17), so
that the effects of the rescaling outside the exponent can largely be ignored. Additionally,
assuming that p(θ̄) is noninformative (i.e., the priors are not informing the parameters) or
flat (i.e., p(θ) is not of exponential type), and using
Z

∞

e

−αx2

r
dx =

−∞

π
,
α

we can write
r
P (M |data) ∼ e

−N LL(θ̂)

2π
n

!k





1
BIC
= exp −N LL(θ̂) − (k ln(n) − k ln(2π)) = exp −
(3.18)
.
2
2

In traditional BIC it is assumed that n  2π and the constant ln(2π) may be neglected.
The BIC is defined by the exponent:
1
1
BIC = −N LL(θ̂) − (k ln(n))
2
2
The

1
2

or

BIC = 2N LL(θ̂) − (k ln(n)).

(3.19)

is so that, from an information criterion perspective, a BIC change of one equates to

the information effect of reducing variance one standard deviation.
Since BIC captures the negative exponential sensitivity of a model’s posterior probability, the model with the lowest BIC wins. From a qualitative perspective BIC can be made
smaller by a better fit (reducing N LL) or by having a more elegant description (fewer parameters, simpler model). Furthermore, when comparing two models, BIC gives a measure
of how much better one model is than another. Given Model1,2 with BIC1 < BIC2 then
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Model1 is
1
1
e 2 ∆BIC = e 2 BIC2 −BIC1



(3.20)

times more probable (this is called the odds ratio in favor of Model1 ). Since e2.3 ≈ 10,
the rule of thumb is that a ∆BIC of 5 is convincing evidence that Model1 is a significant
improvement over Model2 . For greater technical detail regarding BIC, see [29], [17], [19],
[13], and [6].

3.3.2

Student Models

We now turn to some of the models created by students from the Fall 2015 Math
Biology Lab. These models are presented to illustrate common pitfalls, the range of student
creativity, and to help prepare teachers and to scaffold student thinking. Below are a few
alternate models generated by former students along with the students’ model descriptions.
The models were developed in competition with the logistic model as well as one another.

3.3.2.1

Waste Model

The first group focused on the effects of “waste” produced during metabolism. Instead
of producing only additional yeast cells, as yeast consume and utilize the sugar also contributes to ethanol production during anaerobic respiration (4.9), as well as decreasing the
pH level as CO2 bubbles through the solution, making the environment less suitable for
yeast reproduction. Rather than model any specific waste product or effect, the students
decided that the amount of ‘waste’ would always be proportional to the sugar used, and
the effect would be to reduce growth rates.
The group started with equations for yeast and sugar concentrations as well as the
amount of CO2 produced,

Ẏ = bY S,

Ṡ = −abY S,

and Ċ = cbY S.

(3.21)
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To capture how the waste would affect the yeast’s growth rate b in (3.4) the group proposed
(in their words) a “backwards Holling III” equation of the form

b(W ) =

r0 W0
r0 W0
= 2
.
2
2
W0 + W
W0 + (S0 − S(t))2

(3.22)

In their design the students viewed r0 as the intrinsic growth rate r in (4.18) and W0 is the
threshold where the amount of produced waste decreased yeast population growth by 50%.
They made a choice to measure the amount of waste precisely in terms of the amount of
sugar metabolized (S0 − S(t)), and their rationale for the absence of a second W0 in the
numerator was that when the waste model (4.2) was inserted into the system of equations
(4.1) there would be an extra multiplication using units of sugar. Thus their r0 should
be directly comparable to r in the logistic model. The parameter a can be interpreted as
the amount of glucose necessary to produce a new yeast and c would be the rate of CO2
produced per yeast.
The students used a to make the model dimensionally consistent, but later decided that
since the initial amounts of both sugar and yeast could be measured in grams, they would
lose nothing by setting a = 1. The other parameters r0 = 0.35, W0 = 2.47, c = 25.53 were
found using nonlinear least squares (specifically, all the groups ended up using some version
of the fminsearch function in Matlab ). As seen in figure (4.6), the model performs better
than the initial logistic driven model with a BIC of ≈ 123.58 compared to the logistic’s
BIC of ≈ 135.63. While the students felt they did well, they specifically mentioned how
they were frustrated with the model’s performance over the first seven or so data points.
However, they could not discover a mechanistic means to “bend the curve lower” at the
beginning that did not destroy the good fit over the remaining points.
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Figure 3.4: Predicted heights from the Waste Model compared with measured CO2 heights
(*) produced by yeast growing on sugar in a flask and the initial logistic model derived in
class. Parameters r0 = 0.35, W0 = 2.47, c = 25.53 were found using nonlinear least squares
and a was set equal to 1.

3.3.2.2

Linear (un)Death Model

The second group conjectured that the measured height of CO2 released is directly
proportional to the yeast cell concentration; they would only need two equations. They
felt that the finite life span of yeast would ultimately hinder CO2 production and cause the
asymmetrical shape of the data. So instead of working with three differential equations like
the logistic model presented in class and the Waste Model, this group proposed

Ẏ bY S − dY,

Ṡ = −abY S

and C = γY,

which reduces to
Ċ = βCS − δC

and Ṡ = −αβCS.

(3.23)

Here β can be thought of as the growth rate of the CO2 column per sugar concentration,
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δ represents the rate at which yeast dying inhibits CO2 production and α is the amount
of sugar needed in the mix to produce a 1mm change in height of the CO2 column. The
students used nonlinear least squares to find their parameters, arriving at β = 0.1316 and
δ = −3 × 10−4 . However, with δ < 0 the students’ term representing the death rate leads to
‘un’death and exponential growth, not the linear death they had targeted (see Figure 4.7).
Another issue the students noted was with the initial conditions. The initial height
of the CO2 column should be zero, but if they started their model with C(0) = 0 nothing
would happen. This was actually pointed out to them during discussions, but they liked
their model so much that they used the second data point as a starting value, thus missing
the starting value for CO2 height. These flaws combined to cause the model to perform
poorly when compared to the logistic model (BIC ≈ 169.05 compared to the logistic’s
BIC ≈ 135.63). In the end students were good-natured regarding their model’s failure
stating that possibly the yeast had access to alternative resources for growth and therefore
a negative death rate is perfectly suitable. respiration in either an aerobic or anaerobic
direction;

3.3.2.3

Pyruvate Model

The next group wanted to account for the differences between aerobic and anaerobic
respiration, believing that the growth chamber started out with oxygen in solution which
would be used by yeast for more efficient growth until it was depleted. The first step in both
processes is glycolysis where sugar molecules are broken down into pyruvate molecules. Once
the cell has pyruvate the yeast must continue respiration in either an aerobic or anaerobic
direction; this choice is based the presence of O2 (Figure 4.8). A cell that can perform
aerobic respiration and which finds itself in the presence of oxygen will continue on to
the aerobic cycle in the mitochondria. If oxygen is not available the yeast will move into
anaerobic respiration (or yeast fermentation), which is much less efficient and produces
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alcohol.
Pulling these ideas together, the students wrote

Ṡ = −kY S
Ẏ
Ṗ

O2
C
P + αa
P
O2 + C
O2 + C
O2
C
= kY S − r0
P − ra
P.
O2 + C
O2 + C
= −kY S + α0

(3.24)
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Figure 3.5: Predicted heights from the (Un)death Model compared with measured CO2
heights (*) produced by yeast growing on sugar in a flask and the initial logistic model
derived in class. From least-squares approximation students determined the parameters
β = 0.1316 and δ = −0.0003 fit the data best. However, with δ < 0 the students’ term
representing the death rate leads to exponential growth, not the linear death they had
targeted!
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Figure 3.6: Generating pyruvate through glycolysis is the first step in both the aerobic and
anaerobic respiration cycles. Which pathway is chosen depends on the presence of O2 .

Here, the students recognize that the k used in the Ṡ equation cannot be the same k
in the Ẏ and Ṗ since the units k must have to ensure the sugar equation is dimensionally
consistent are different than the units needed for k in the other two equations. However,
the students viewed this initial formulation as scratch work since they anticipated nondimensionalizing the equations. The other parameters α0 and αa represent the aerobic and
anaerobic growth rate of yeast using pyruvate, respectively.
The students also built equations to deal with the changing environmental conditions
within the chamber to reflect the consumption of O2 and production of CO2 that occurs as
sugar is converted to pyruvate and ultimately more yeast.
O2
P
O2 + C
O2
C
Ċ = 6βo
P + 2βa
P
O2 + C
O2 + C

Ȯ2 = −βo

(3.25)

where βo represents the rate at which O2 is consumed in the aerobic respiration pathway
and βa is the rate CO2 is produced in the anaerobic respiration pathway. The students
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decided to keep the 2 and 6 as a part of the Ċ equation, reflecting the amount of CO2
produced in the anaerobic and aerobic pathways respectively as in (4.8) and (4.9), although
some group members wanted to incorporate those values into βo and βa .
The students rescaled the variables to nondimensionalize, using

t̄ = tro ,

S̄ =

Sk
,
ro

Ȳ =

Yk
,
ro

P̄ =

Pk
,
ro

Ō2 =

O2 k
,
βo

C̄ =

Ck
.
βo

(3.26)

Equations (4.4) and (4.5) became

S̄ 0 = −Ȳ S̄
C̄
Ō2
P̄ + γ2
P̄
Ō2 + C̄
Ō2 + C̄
Ō2
C̄
= Ȳ S̄ −
P̄ − γ3
P̄
Ō2 + C̄
Ō2 + C̄
Ō2
= −
P̄
Ō2 + C̄
Ō2
C̄
= 6
P̄ + 2γ4
P̄ .
Ō2 + C̄
Ō2 + C̄

Ȳ 0 = −Ȳ S̄ + γ1
P̄ 0
Ō2

0

C̄ 0

(3.27)

While the students never explicitly resolved the original lack of dimensional consistency
in (4.4) and (4.5), the dimensionless form of their model was the same as if they had started
with consistent dimensions. The students fit the dimensionless equations to the dimensional
data for C, and starting with mass measurements for sugar and yeast. Their reasoning
was that a change in units for the sugar and yeast would propagate linearly through the
sequence of equations multiplicatively, resolving itself at the last stage of matching up
with the observe CO2 . With this background, parameters were found using nonlinear least
squares, γ1 = 0.711, γ2 = 0.463, γ3 = 0.3766, γ4 = 32.4, Ō0 = 44.3, C̄0 = −2.062. Initially,
the students were concerned that the beginning CO2 amount is negative (C̄0 = −2.062).
However, before the CO2 released by the yeast makes it over to the Mason jar and begins
displacing the water column it must first fill the reaction chamber. Hence, the students
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Figure 3.7: Predicted heights from the Pyruvate Model compared with measured CO2
heights (*) produced by yeast growing on sugar in a flask and the initial logistic model
derived in class. Parameters γ1 = 0.711, γ2 = 0.463, γ3 = 0.3766, γ4 = 32.4, Ō0 = 44.3, C̄0 =
−2.062 were found using fminsearch in Matlab . The model performs well compared to
the initial logistic model.
argued that there is a “negative space” that must be filled first. As seen in Figure (4.8),
the model performed well compared to the logistic model (BIC ≈ 98.40 for the pyruvate
model compared to BIC ≈ 135.63 for the logistic model).

3.3.2.4

Oxy-Logistic

The last group’s model is philosophically similar to the Pyruvate model above. Going
back to (4.8) and (4.9), this group focused on the difference in ATP production (and presumably growth rates) in the aerobic and anaerobic respiration processes. Assuming sugar,
S is in the same units as yeast, Y , this group started with

Ẏ = r(O)Y S

and Ṡ = −r(O)Y S

(3.28)
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where the growth rate, r(O), a function of oxygen (O), is relatively large when oxygen is
plentiful and small when oxygen is scarce. The simplest description for the switch is a linear
response
r(O) = ra +

ro − ra
O.
O0

(3.29)

Here, ra and ro are the respective anaerobic and aerobic growth rates, O is the amount of
O2 amount of oxygen in the solution and O0 = O(0).
For the oxygen component to this model, the group proposed

Ȯ = −f O − εOY ≈ −f O

where f is the refresh rate, or the rate gases (CO2 and O2 ) are both forced from the reaction
chamber and replaced with the CO2 released from the yeast. The students assume that the
a
rate oxygen is used by the yeast, ε = δ roO−r
to be much smaller than the rate O2 is forced
0

from the chamber. The also assume that the rate of gas production is constant, which is
not consistent with the obviously changing rate of CO2 production. Putting that aside and
assuming ε negligible,
Ȯ = −f O

⇒

O = O0 e−f t .

(3.30)

They proposed a direct relationship between CO2 production and yeast growth,

Ċ = bẎ ,

where b is the rate CO2 is produced from the yeast and sugar interaction. Integrating leads
to
C = b(Y − Y0 ).

(3.31)
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This volume, C, must match the volume of CO2 observed;

C = Ah(t).

(3.32)

Here, A is the cross-sectional area of the jar and h(t) is the height of the air column in the
jar. Thus,
h=

b
(Y − Y0 ).
A

(3.33)

To solve for Y the group used Ẏ + Ṡ = 0 to remove S = K − Y from the equations,
and substituting (3.29) and (3.30) led to

Ẏ



= r(O)Y (K − Y ) = K ra + (ro − ra )e


 
Y
−f t
=
λa + (λo − λa )e
Y 1−
,
K

−f t




Y

Y
1−
K


,
(3.34)

where λa = Kra and λo = Kro . Separating variables and solving for Y finally gave
KY0

Y =

h

Y0 + (K − Y0 ) exp −λa t −

λo −λa
f

i.
(1 − e−f t )

(3.35)

Using (3.33) they arrived at their final model,

h=



bY0 
Y0
A
K + 1−

1
Y0
K



h

exp −λa t +

λa −λo
f

(1 −

i − 1

(3.36)

e−f t )

This equation has five identifiable parameters, λa = 0.3860, λo = 5.3592 and f = 1.1662,
as well as the combinations

bY0
A

= 0.3406 and

Y0
K

= 84.3250, which the group fit using

minimum sum-squared error. As seen in Figure (3.8), the model outperformed the logistic
model (BIC≈ 82.27 for the Oxy-logistic model compared to BIC≈ 135.63 for the logistic
model) and was the best of the student models based on BIC.
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Figure 3.8: Predicted heights from the Oxy-logistic Model compared with measured CO2
heights (*) produced by yeast growing on sugar in a flask and the initial logistic model
derived in class. Parameters λa = 0.3860, λo = 5.3592 and f = 1.1662, as well as the
combinations bYA0 = 0.3406 and YK0 = 84.3250 were found using minimum sum-squared
error. The model performs well compared to the initial logistic model and according to the
odds ratio (3.20) is about 3200 times ‘better.’

3.3.3

Winner, Winner

For the Waste, Linear (Un)death, Pyruvate and Oxy-logistic models the BIC’s were
123.58, 169.05 and 98.40 and 82.27, respectively . For many of the students the difference
between the Pyruvate and Oxy-logistic models seemed minimal. While they both performed
much better than the logistic model, the Oxy-logistic model performed

e 2 (BICPyruvate −BICOxy-log ) ≈ 3200
1

times ‘better’ based on the odds ratio (3.20).
The models that performed the best focused on cellular respiration and how the yeast
behave depending on the availability of oxygen. As data and each model indicates, yeast
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rely on sugar availability to grow, reproduce and generate CO2 . If the experiment were
run over a longer duration perhaps the waste products from yeast growth would impact
CO2 production more dramatically. However, the current group of models indicates the
waste products have less influence over the initial eight or nine hours of CO2 production.
Rather, as described in both the Pyruvate and Oxy-logistic models, it appears to be the
difference between anaerobic and aerobic respiration coupled with sugar availability that
initially drives yeast population growth dynamics and in turn, their generation of CO2 .

3.4

Discussion and Conclusion
Using readily-available ingredients, the Yeast Lab is a population dynamics LEMB that

challenges students and promotes traditional mathematical biology skills (e.g., numerical
and analytic solution of differential equations, population modeling, parameter estimation,
dimensional analysis, use of computational tools) as well as difficult-to-teach professional
soft skills (e.g., leadership, teamwork, communication, the ability to think creatively and
critically about models and data). By framing the modeling exercise as a competition mediated by BIC, students were encouraged to take healthy mathematical risks and were more
inclined to view their teacher as a mentor and collaborator helping them to learn necessary
skills. Throughout the Yeast Lab our students were gripped by a spirit of exploration and
competition, and spent many more hours developing their approaches and presentations
than would ever have been spent on homework. In exit evaluations students frequently
requested more experiences of this nature because of the creativity and challenge involved.
Students also commented on the lab gave them an exciting insight into the research life of
mathematical biologists.
From the models produced by the class, students were able to generate authentic results about a classic mathematical biology species. In so doing, students were able to gain
a better understanding of the nature of biomath research. Students often feel that math-
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ematicians are solitary geniuses who prefer to be left alone to work with paper and pencil
in the wee hours of the night. Moreover, students feel that, while genius mathematicians
may work on interesting, real-life mathematics, they themselves are only capable of solving contrived, algorithmically-solved problems. Laboratory experiences like the Yeast Lab
point out that mathematicians (especially interdisciplinary mathematicians) work on multifaceted problems where learning from the approaches of others and collaborating is a joy
and necessity. In the Yeast Lab students practiced applying the mathematics that they will
need as professionals in the context often seen in the profession; they worked as a team.
By fostering students’ problem-solving attitudes, the Yeast Lab contributed to a more
balanced picture of mathematics and resulted in a handful of creative models. Initially,
students expressed doubt that they would be able to produce a model that outperforms
the logistic model presented in class. They felt logistic model accounted for all the major
phenomena in a logical manner. However, working as a team they altered the assumptions
made in the logistic model and added some of their own hypotheses based on their background knowledge and their observations of the data. In the end they were successful in
creating multiple mechanistic models for the yeast/CO2 relationship that outperformed the
logistic model.
For students creating good mathematical models is an important conclusion to the
lab, but for the teacher the students’ interactions with data, mathematics and their classmates is probably more important than the actual models. Students specifically mentioned
that dealing with the data first hand gave them a base from which they could begin constructing a model. They blended their complementary strengths and built on the talents
of their teammates. Students with a greater biology background had a tendency to lead
the discussion at the beginning of model formulation while those from mathematics led the
group through the fine tuning of the model. From that base students were able to engage
in creative and daring mathematics. Rather than focusing on whether each model they
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proposed in their groups was the correct model, students would voice the connections they
saw in the setup and in the data. They then translated those ideas into mathematical
relationships, compared their predictions with the data, revised and repeated the cycle.
Students did struggle with core applied issues like dimensional analysis, the identifiability
of parameters, inconsistencies between models and data, and the uncertainty of nonlinear
parameter estimation. But these are struggles (on the one hand) that are critical to do
useful, professional applied mathematics, and (on the other hand) seldom faced by students
in classroom mathematics context. During the Yeast Lab our students used mathematics
and engaged in the modeling process just as professionals would, and in doing so gained an
authentic picture of applied math practice.
Wrapping the Yeast Lab around the paradigm of model competition was a big contributor to the lab’s success. With BIC (as opposed to instructor) serving as the judge,
students no longer worried about the correct model, nor did they worry about the instructor’s judgement. That is incredibly liberating for mathematics students used to situations
in which solutions and techniques are either strictly right or wrong. The creativity of the
models our student produced and the amount of time they spent learning and working
attests to the educational impact of LEMBs. The freedom to collaborate/mentor students
without judgement is similarly liberating for the instructor. After launching the Yeast Lab
we mainly walked around, listened in on group work, answered questions, pressed students
for justifications and explanations, encouraged them to write initial models and then think
about the consequences of their modeling choices. There were many moments of mathematical facilitation, leading students through techniques necessary to make their ideas practical,
and in these moments both students and instructor were fully engaged in the learning process. There were no questions about whether the math being discussed was useful – it was
self-evidently useful because students needed it to make use of their creative models and
face the challenge of the data. There was no boredom with the explanations, because the
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students and instructor were both engaged in authentic problem solving.
While modeling and model competition can be done with a canned data set, the students ability to draw from the unwritten/difficult to quantify observations can only occur if
the student has a part in collecting the data. With the setup described above, the Yeast Lab
has been used in high school, undergraduate and graduate courses as a means to promote
and develop various mathematical competencies from an authentic perspective. Giving students a full modeling experience that includes data collection, model creation and model
competition does not require difficult to acquire/use technical gadgetry. It does require a
willingness to push aside some of the normally tight curriculum in math classes, to give up
some of the control over time and content that traditional lecture-format teaching offers.
The payoff is that students gain an opportunity to learn soft and creative skills that are
more valuable in professional life.
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CHAPTER 4
LEMBS WEBSITE MATERIALS

4.1

Introduction

4.1.1

Project Background

While applied mathematical research is frequently interdisciplinary, most undergraduate students view mathematics and science as unrelated disciplines [4]. The traditional
approach to teaching must change to emphasize the interconnected reality of mathematics
and scientific research. In particular, it has been recommended by the National Research
Council (NRC) Committee on Undergraduate Biology Education to Prepare Research Scientists for the 21st Century, that courses should emphasize modeling in the sciences by using
labs and experiments as instructional tools [4]. Furthermore, these experiences should be
suitable for various types of institutions.
A common pedagogical misunderstanding among college faculty is that mathematics
can be taught by simply explaining the logical structure of mathematics and thus build a
logical edifice in the students’ minds [16]. However, most mathematics students in first- and
second-year classes are not future mathematicians and are more excited by the ability of
mathematics to illuminate scientific mechanisms. Thus, most students look for real-world
examples to build their understanding [15]. For most students, the common mathematics teaching approach of presenting logical steps and evaluating how well those steps are
replicated is a poor match.
While students struggle in college level mathematics classes where teaching is focused
on mathematics structure and logic, alternative, learner-centered approaches have very low
implementation rates [30] since they raise pedagogical challenges for faculty and students
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alike [7]. Often, learner-centered projects are application-oriented with canned data designed to be disseminated as part of self-contained module. However, as a model for STEM
change this ‘develop and disseminate’ approach is actually a barrier to more widespread
adoption [8]. Faculty should be meaningfully involved in the development process, materials should be easily modifiable, and results of educational research should be incorporated
into the materials dissemination plan. Open-ended projects involving both instructor and
student in discovery are more likely to be implemented. Labs requiring data-taking interaction with real mechanisms are more likely to engage students and faculty.
To this end we have created six Laboratory Experiences in Mathematical Biology
(LEMBs) in which students design and implement their own data-taking procedures to
collect and plot data, develop, refine, parameterize and test their own mathematical models
and report their findings in a brief paper (including an Introduction, Methods, Results,
Discussion). The creation of these LEMBs and the accompanying website for dissemination (http://digitalcommons.usu.edu/lemb) are the end result of and NSF funded project
(a TUES Phase I grant (NSF 1245421)).
The goals of the grant are to:
• Objective 1: Create and test LEMBs to address the lack of classroom resources
connecting data collection and mathematical modeling in college math classes.
• Objective 2: Use LEMBs to encourage student development of modeling and problemsolving skills in second year math classes (vector calculus, differential equations [DE],
linear algebra, statistics for scientists).
• Objective 3: Evaluate the efficacy of LEMBs at leading students to develop transferable modeling and problem-solving skills through pre-/post-testing, extension problems for think-aloud assessments, interviews with instructors and student LEMB evaluations.
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• Objective 4: Create research-based, pedagogical support materials for faculty development of pedagogical skills to address the discomfort most math faculty feel in
conducting data-driven, learner-centered instruction.
• Objective 5: Use interviews, workshop feedback and user comments from the LEMBs
website, hosted by USU Digital Commons (DC), to assess quality of instructor support
materials in terms of effectively facilitating faculty to adopt alternative pedagogy.
Within DC the content of each of the six LEMBs is organized to achieve the goals of
the grant, allow easy use of the materials and encourage open and informative feedback
from users. These are all potentially deliverable through simple web pages, but use of the
DC guarantees stability, longevity, and search engine optimization that personal web pages
do not.
The stable home within DC also allows lab and pedagogical techniques to become
more refined through user feedback that can easily segue into a peer-reviewed series. Lab
developers can serve as ‘editors’, with beta-testers submitting ‘articles’ on lab implementation either in different classes or with differing pedagogical approaches. The ‘editors’ can
then invite reviewers, either internal or external, blind or known, to provide independent
commentary and submit back to the ‘authors’ for improving their ‘article’. Finally, we can
use this system to manage the independent external review. Public commentary from both
students and faculty via linked social media will serve to enrich instructor experience and
to generate an ongoing data stream for development and assessment (Obj. 3, 5).
The DC platform will allow us to refine LEMBs in response to public commentary
while preserving all previous iterations. Documenting the evolution of the LEMBs will
give future researchers a more intimate understanding of our methodologies than could be
gleaned from publication alone, easing development of LEMBs elsewhere. When a LEMB
has passed through the internal and external review process, all materials can be published
as a journal issue in USU-DC to maximize exposure.
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4.1.2

LEMBs and Organization

In this chapter six LEMBs, the rootstock of the ongoing development effort, are presented.
• Yeast Lab: Yeast are grown in a small, capped flask, generating carbon dioxide
which is trapped in an inverted jar full of colored water. The volume of carbon dioxide
produced can either be measured directly or using time-lapse imagery on an iPad or
similar. Students are then challenged to model the resulting data. In college algebra
and statistics classes the Yeast Lab has been used to broaden students’ understanding
of graphing data and functions along with building context for least-squares regression
and parameterizing models. In ODE and mathematical biology courses the lab has
been used to discuss the mechanistic interpretation of parameters, ODE compartment
models, parameter estimation, population dynamics and limiting factors.
• Stream Lab: Dead leaves, ping-pong balls or plastic golf balls are floated down a
small stream. The number of leaves/balls passing recording stations along the stream
are tallied. In algebra and calculus courses the Stream Lab is used to discuss average
rate of change as well as an introduction to derivatives. In PDE classes students are
challenged to develop a transport model for the resulting data. In the process students
gain greater understanding of graphing multivariable data and functions, mechanistic
interpretation of parameters, diffusion, conservation laws, parameter estimation as
well as mass and momentum transport processes.
• Disease Lab: Students use transparencies and dry erase markers to simulate the
spread of a zombie virus among a fixed population. Students are then challenged to
develop an ODE model for the resulting data. In algebra and statistics classes the lab
has been used to graph data and functions while developing empirical modeling and
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linear regression techniques. In ODE courses the lab is used to develop students’ understanding of parameters (and their mechanistic interpretation), SIR models, disease
dynamics, parameter estimation and compartment modeling.
• Brine Shrimp Lab: Young brine shrimp movements within a petri dish are tracked
by students. Students are challenged to determine and verify whether the brine shrimp
move in a random walk. In algebra and statistics the lab is used to discuss distance,
regression, parameterization and basic modeling techniques. In multivariable calculus and differential equations courses students focus on plotting multivariable data,
develop the concept of a partial derivative and diffusion as well as model parameterization techniques.
• Leaky Bucket Lab: Students test Torrecelli’s law and develop and compare their
own alternative models to describe the dynamics of water draining from perforated
containers. In algebra courses students gain experience and perspective using a classic
model. In ODE courses students gain greater understanding of ODE compartment
models, parameter estimation and fluid flows.
• Coffee Thermocline Lab: A layered system of coffee and milk serves as a physical model for temperature gradients in lakes or the atmosphere, where temperature
depends on both a temporal and spatial variable. In multivariable calculus students
focus on graphing the data, and developing empirical mathematical models to fit the
data. In ODE classes students gain experience and perspective by applying Newton’s
Law of Cooling to the layered system and predicting temperature trajectories. In
more advanced courses the focus is on developing mechanistic PDE models to fit the
data while gaining greater understanding of diffusion and thermodynamics.
In this chapter, each LEMB will appear as a section with information below presented
as subsections. Within the DC website each of the subsections is a clickable categories
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linked to its LEMB designed to assist in navigation and readability.
• Overview: The basic biological context along with the targeted mathematics are
outlined.
• Lesson Outline: Expectations and a brief lab agenda are laid out. A brief description
of the students and courses targeted is also included.
• Lab Setup: Lab materials and experimental/data collection methods are outlined.
• Data and Examples: Sample data and examples of modeling approaches are detailed.
• Background and Extensions: Greater detail regarding the biological context is
given that potentially lead to additional modeling activities.
• Assessment Items: Items designed for pre-/post-testing, extension problems for
think-aloud assessments and potential quiz/test questions are presented.

4.1.3

Pedagogical Resources

LEMBs cannot exist in a pedagogical vacuum and will be most effective when faculty use appropriate, research-based teaching methods for facilitation and instruction. We
propose to implement teaching strategies oriented toward scaffolding student learning and
maintaining high cognitive function as illustrated in Table 4.1.
Our guiding principle is that the optimal mental state for a student learning mathematics is that of an applied mathematician confronted with a novel biological situation [21].
The strategy with hands-on labs is to encourage students to create models and mathematics that describe mechanisms they can intuitively grasp. This activity calls for students
to work at high levels of cognition. Implementation of the strategy may vary according to
instructor and situational variables, as supported by research on factors associated with the
maintenance of high cognitive demand ( [14], 4.1) in math classrooms.
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Table 4.1: Factors associated with maintenance/decline of high cognitive demand, abstracted from [14]; the left hand entries are characteristic of classrooms promoting high
cognitive demand. On the right are characteristics of classrooms with lower demand.
Factors Associated with the Maintenance of High Levels of Cognitive Demand
Instructional methods include scaffolding
of student thinking.
The task builds on students’ prior knowledge and the teacher draws frequent conceptual connections.
There is a sustained press for justifications
from instructors and students.
Instructor and competent students provide
models of high-level performance.
Students have sufficient time to explore,
create, and test their own ideas.
Students have the means to monitor their
own progress.

Factors Associated with the Decline
of Cognitive Demand
Difficult aspects of problems become routinized and hence the work is done for the
students.
Students are stymied with an inappropriate
task preventing their meaningful engagement in activities.
The focus of work is on answer correctness
or completeness.
There is no accountability for high-quality
products or adherence to a scientific and
analytical process.
Insufficient time is allotted for the task, or
too much is given allowing students’ to drift
away from learning goals.
Task expectations are not clear.

Explicit pedagogical principals for teaching LEMBs help instructors adapt to a potentially new teaching style and eases the burden of implementation. Often instructors take
the easy route by just telling students how to perform their mathematics (doing the work
for them) if they are stuck. While asking leading questions is more difficult for the instructor, it leads to deeper learning by the student. Bringing questions to the students instead
of answers, pressing for justifications, allowing time to struggle and letting correspondence
of model with data speak for model ‘correctness’ puts class doing LEMBs firmly in the
“Maintaining High Cognitive Demand” column of Table 4.1. Vignettes of typical instructor/student interactions, derived from lab observations, are an effective way to illustrate
a different pedagogical approach, and help instructors move from being the judges of student success to facilitators of success, who scaffold student thinking. These vignettes and
additional pedagogical suggestions are packaged under the clickable Pedagogical Resources
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link on the LEMBs website (http://digitalcommons.usu.edu/lemb). The current version of
these materials will be surveyed in the concluding chapter of this dissertation.

4.2

Yeast Lab
Yeast are grown in a small, capped flask, generating carbon dioxide which is trapped

in an inverted jar full of colored water. The volume of carbon dioxide produced can either
be measured directly or using time-lapse imagery on an iPad or similar. Students are
then challenged to model the resulting data. From this exercise students gain greater
understanding of ODE compartment models, parameter estimation, population dynamics
and limiting factors.

4.2.1

Overview

Yeast are an ideal candidate for students to model mathematically. As Gause (1934)
states “...yeast cells are sometimes subject to perfectly definite quantitative laws. But it
has also been found... their trends often do not harmonize with the predictions of the
relatively simple mathematical theory.” These characteristics allow students to initially
engage in modeling yeast dynamics with relative confidence but the students must critically
and creatively adjust their models in order to get their predictions to better harmonize
with yeast data. The Yeast Lab is usually performed with classes comprised of upperclass undergraduates and graduate students from mathematics, statistics, biology, natural
resources and biological engineering.

4.2.2

Lesson Outline

The outlined expectations and agenda were originally constructed for a mathematical
biology course consisting of mathematics, statistics, biology, natural resources and biological
engineering students with calculus and differential equations experience. See Pedagogical
Resources for teaching and scaffolding suggestions.
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4.2.2.0.1

Expectations

Teams are expected to:

• Create a model that is significantly different than the logistic model to predict the
height of the CO2 column generated from the growing yeast population.
• Calibrate the model (estimate the parameters) using the collected data.
• Calculate BIC for both the logistic model and the students’ alternative model.
We ask students (or student groups) to produce a short written report or present their
findings via PowerPoint/Beamer. The reports should include:
• Their alternative model, with a mechanistic explanation for terms.
• Description of solutions and solution procedure, as well as how solution curves do/do
not reflect observations.
• Description of parameters required (and their units) as well as estimation procedures.
• A graphical comparison of the logistic and alternate models, along with the data.
• Answers to the questions:
– Which model better reflects the data, and why? How does this confirm/invalidate
any assumptions that you made for your alternate model?
– For what else could you use this modeling approach?
– What did you learn from this experience?

4.2.2.0.2

Lab Agenda

Loosely, the in-class portion of the Yeast Lab requires:

1. Lecture: Yeast Lab introduction and data collection setup [15 min]
2. Lecture: Derivation of logistic model [20 min]
3. Group Time: Discussion and development of alternate models [20 min]
4. Lecture: Derivation of BIC and computation of logistic model BIC [15 min]
5. Class Discussion: Groups present alternate models, calibration strategy and BIC score
[45 min]
This agenda is typically accomplished over a few class periods, assuming that students
are meeting and discussing alternative models and calibration strategies. The details of the
schedule can be compressed or expanded as needed (e.g., setup can occur before class). If
the lab is used as an example of a mathematical technique (e.g., separation of variables or
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numerical solutions to ODEs) one of the models discussed below can be provided along with
data collected in/before class.

4.2.3

Setup

Yeast is grown in a small, capped flask, generating carbon dioxide which is measured
in an inverted jar.

4.2.3.0.1

Materials

The following materials are needed (for each group/individual):

• Approximately 500 ml flask, with cork and flexible tube.
• 1 quart Mason jar (or similar).
• 1 plastic container, maybe 1-2 inches tall, large enough to comfortably contain the
Mason jar with an inch or two of clearance around the edge of the top.
• iPad with charger and app for time-lapse pictures.
• Food coloring.
• Ruler approximately as tall as Mason jar, two rubber bands. Make sure the ruler and
its markings make a nice contrast to the food coloring.
• 1 package dry yeast (1.5 tsp or 4 gm).
• 1/2 tsp granulated sugar (3 gm).
• 300 ml distilled water (room temperature).

4.2.3.0.2

Methods

1. Put 300 ml of distilled water in flask and inoculate with 1/2 tsp of dry yeast. Swirl
to mix and allow the yeast to hydrate for 5-10 minutes.
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Figure 4.1: As an alternative to measuring with teaspoons, one may measure the yeast with
a scale as seen here.

2. While this is happening, organize the visualization apparatus:
(a) Fill the Mason jar to brim with tap water and add a few drops of food coloring
for visualization purposes (Figure 4.2).
(b) Cover with plastic container and with both hands flip over so that the Mason jar
is inverted and full of fluid (figure 4.3).
(c) Add a little more colored liquid (around 1 cm deep) to help maintain a seal
(Figure 4.4).
(d) Affix a ruler to the side of the Mason jar with the rubber bands.
(e) Set up the iPad application to take a picture every 15 minutes, and then place
the iPad (plugged in so it won’t run out of juice) to get a good view of the ruler
on the side of the jar. Make sure the area will be lighted during the next 24 hours
(either leave the room light on or place a small desk lamp nearby to illuminate).

95

Figure 4.2: Food coloring is added to the water to help with seeing the height of the water
when viewing the recording.

Figure 4.3: When flipping the container be sure to apply a fair amount of pressure on the
plastic container to eliminate spillage.
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Figure 4.4: After inverting the jar add additional water (about 1 cm) to help maintain the
seal.
3. Add the 1/2 tsp sugar, swirl again, cap the flask using a stopper with surgical tubing
already attached.
4. After swirling has settled down and yeast has begun to bubble (∼ 5 min) snake the
surgical tubing underneath the lip of the Mason jar, being careful not to lose the seal
on the liquid. Rest the jar back down on the tubing (it will no longer sit perfectly
straight – you can fix this by slipping short, cut pieces of tubing underneath the edges
of the jar). You may want to release enough liquid from the jar so that the fluid height
is at a uniform cross-section of the jar.
5. Turn on the iPad app and take some data (Figure 4.5)!

4.2.4

Data and Examples

Data along with some student approaches are presented to illustrate the range of student creativity and to help prepare teachers to scaffold student thinking.
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Figure 4.5: Snake the tubing beneath the jar and position the recording apparatus where
the height can easily be recorded. Cap the flask and ensure there will be good lighting for
the next 10 hours or so.

4.2.4.1

Sample Data
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Measured heights of CO2 produced by yeast growing on sugar in a flask. Data was collected by
time-lapse video on an iPad, with frames taken every 15 minutes.
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4.2.4.2

Examples of Student Models

Below are examples generated by upper-class undergraduates and graduate students
from mathematics, statistics, biology and natural resources in the Fall 2015 Math Biology
Lab at Utah State University.

4.2.4.2.1

Waste Model

Students focused on the effects of “waste” produced during metabolism.

Instead of producing only additional yeast cells, as yeast consume and utilize the sugar also
contributes to ethanol production during anaerobic respiration, as well as decreasing the
pH level as CO2 bubbles through the solution, making the environment less suitable for
yeast reproduction.
The group started with equations for yeast and sugar concentrations as well as the
amount of CO2 produced,

Ẏ = bY S,

Ṡ = −abY S,

and Ċ = cbY S.

(4.1)

To capture how waste would affect yeast growth rate, b, the group proposed a “backwards
Holling III” equation of the form

b(W ) =

r0 W0
r0 W0
= 2
.
2
2
W0 + W
W0 + (S0 − S(t))2

(4.2)

While the students felt they did well, they specifically mentioned how they were frustrated with the model’s performance over the first seven or so data points. However, they
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Figure 4.6: Predicted heights from the Waste Model compared with measured CO2 heights
(*) produced by yeast growing on sugar in a flask and the initial logistic model derived in
class. Parameters r0 = 0.35, W0 = 2.47, c = 25.53 were found using nonlinear least squares
and a was set equal to 1.
could not discover a mechanistic means to “bend the curve lower” at the beginning that
did not destroy the good fit over the remaining points.

4.2.4.2.2

Linear (un)Death Model

Students conjectured that the measured height of CO2

released is directly proportional to the yeast cell concentration so they would only need
two equations. They felt that the finite life span of yeast would ultimately hinder CO2
production and cause the asymmetrical shape of the data. This group proposed

Ẏ = bY S − dY,

Ṡ = −abY S

and C = γY,

which reduces to
Ċ = βCS − δC

and Ṡ = −αβCS.

(4.3)
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Here β can be thought of as the growth rate of the CO2 column per sugar concentration,
δ represents the rate at which yeast dying inhibits CO2 production and α is the amount
of sugar needed in the mix to produce a 1mm change in height of the CO2 column. The
students used nonlinear least squares to find their parameters, arriving at β = 0.1316 and
δ = −3 × 10−4 . However, with δ < 0 the students’ term representing the death rate leads
to ‘un’death and exponential growth (see Figure 4.7).
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Figure 4.7: Predicted heights from the (Un)death Model compared with measured CO2
heights (*) produced by yeast growing on sugar in a flask and the initial logistic model
derived in class. From least-squares approximation students determined the parameters
β = 0.1316 and δ = −0.0003 fit the data best. However, with δ < 0 the students’ term
representing the death rate leads to exponential growth, not the linear death they had
targeted!

4.2.4.2.3

Pyruvate Model

Students leaned more heavily on their biological background.

They focused on the differences between aerobic and anaerobic respiration, believing that
the growth chamber started out with oxygen in solution which would be used by yeast for
more efficient growth until it was depleted. In each process glycolysis breaks down sugar
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molecules into pyruvate molecules. Once the cell has pyruvate the yeast must continue
respiration in either an aerobic or anaerobic direction; this choice is based the presence of
O2 . A cell that can perform aerobic respiration will continue on to the aerobic cycle in
the mitochondria. If oxygen is not available the yeast will move into anaerobic respiration
(fermentation), which is much less efficient and produces alcohol.
Pulling these ideas together, the students wrote

Ṡ = −kY S
Ẏ
Ṗ

C
O2
P + αa
P
O2 + C
O2 + C
O2
C
= kY S − r0
P − ra
P.
O2 + C
O2 + C
= −kY S + α0

(4.4)

The students also built equations for the changing levels of O2 and CO2 .
O2
P
O2 + C
O2
C
Ċ = 6βo
P + 2βa
P
O2 + C
O2 + C

Ȯ2 = −βo

(4.5)

where βo represents the rate at which O2 is consumed in the aerobic respiration pathway
and βa is the rate CO2 is produced in the anaerobic respiration pathway.
The students nondimensionalized,

t̄ = tro ,

S̄ =

Sk
,
ro

Ȳ =

Yk
,
ro

P̄ =

Pk
,
ro

Ō2 =

O2 k
,
βo

C̄ =

Ck
.
βo

(4.6)
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Equations (4.4) and (4.5) became

S̄ 0 = −Ȳ S̄
C̄
Ō2
P̄ + γ2
P̄
Ō2 + C̄
Ō2 + C̄
C̄
Ō2
= Ȳ S̄ −
P̄ − γ3
P̄
Ō2 + C̄
Ō2 + C̄
Ō2
= −
P̄
Ō2 + C̄
Ō2
C̄
= 6
P̄ + 2γ4
P̄ .
Ō2 + C̄
Ō2 + C̄

Ȳ 0 = −Ȳ S̄ + γ1
P̄ 0
Ō2

0

C̄ 0

(4.7)
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Figure 4.8: Predicted heights from the Pyruvate Model compared with measured CO2
heights (*) produced by yeast growing on sugar in a flask and the initial logistic model
derived in class. Parameters γ1 = 0.711, γ2 = 0.463, γ3 = 0.3766, γ4 = 32.4, Ō0 = 44.3, C̄0 =
−2.062 were found using fminsearch in Matlab .

4.2.5

Background and Extensions

To build biological context and facilitate in lab presentation, a brief history of yeast in
mathematics is discussed along with a short description of cellular respiration.
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4.2.5.1

Why Yeast?

Yeast is one of the oldest domesticated organisms and has a long biological history.
Yeast is popular due to its practical importance in the food and beverage industry; as
a eukaryotic organism it shares many cellular characteristics and mechanisms with more
complicated multicellular eukaryotes, like humans. Pragmatically, yeast works as a model
experimental organism because it grows readily on simple media, reproduces by budding
and gives investigators absolute control over its environmental parameters. Notably, Gause
relied on yeast in The Struggle for Existence [12], a classic in quantitative population ecology.
Yeast was one of the first organisms to which molecular approaches were applied to in the
1950’s, and in 1996 yeast was the first eukaryote to have its genome sequenced. Ultimately
yeast represents “an ideal system to investigate cell architecture and fundamental cellular
mechanisms” and thus, yeast has been a common experimental choice [10].
Of the many similarities yeast share with other eukaryotes, cellular respiration is particularly important. Producing energy for most organisms is all about creating adenosine
triphosphate (ATP) from sugar molecules. ATP is the basic “molecular unit of currency”
of intracellular energy transfer [18], providing energy for most cellular functions, including
synthesis of proteins and assembly/disassembly of cellular structures. In the presence of
oxygen, the oxidation (burning) of glucose gives
Glucose

z }| {
C6 H12 O6 +6O2 → 6CO2 + 6H2 O

(4.8)

and during this process up to 38 ATP are created (although practically speaking the yield
is more like 30 ATP). In the absence of oxygen, however, fermentation occurs and
Glucose

Ethanol

z }| {
z }| {
C6 H12 O6 → 2CO2 + 2 C2 H5 OH,

(4.9)
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which produces only 2 ATP – about 15 times less efficient than the aerobic pathway. Presumably the energy generated keeps the yeast cell alive and allows it to bud (reproduce –
yeast cells make little buds, which fall off and become adult yeast cells). As alcohol (ethanol)
is produced, fermentation declines and yeast becomes dormant. To generate higher concentrations of alcohol (above 14%) either alternative species of yeast or distillation is required.

4.2.6

Assessment

Primary assessment of student learning is taken from students’ written reports additional assessment items targeting lab objectives are included here. The following assessment
items were written for a differential equations course targeting learning objectives in the
Yeast Lab.

4.2.6.1

Assessment Items

1. Simple knowledge: State the logistic model.
2. Algorithmic Skill: Calculate the steady states for the logistic equation and determine which are stable/unstable.
3. Comprehension and Communication: Give a biological interpretation of the
steady states.
4. Comprehension and Communication: Explain what feature in the logistic equation causes the population growth to slow?
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5. Comprehension and Communication:Below is a proposed yeast model where S
is sugar, Y is yeast, and O is oxygen. From this model, make a schematic diagram.

βY S
dS
=−
dt
N
dY
βY S
=
− γY
dt
N
dO
= γY
dt

(4.10)

6. Discover a Relationship: Explain how the assumptions from the logistic model
could relate to the data shown in Figure 4.9.
60
50

Yeast

40
30
20
10
0

0

1

2

3

4

5
Days

6

7

8

9

10

Figure 4.9: Yeast population growing over time.

7. Application: Which model do you think better describes the data in Figure 4.10?
Explain why.


Y
Ẏ = rY 1 −
K

(4.11)
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Ẏ = rY log

K
Y


(4.12)
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Figure 4.10: Per capita growth of yeast plotted over the yeast population

4.3

Stream Lab
Students use plastic balls or wooden blocks to simulate pollutants released into a

stream. Students are challenged to create a transport PDE model to describe the data.
In the process students learn applications of PDEs and as well as analytic and numeric
solution techniques.

4.3.1

Overview

Dead leaves, ping-pong balls or small wooden blocks (e.g., alphabet blocks) are floated
down a small stream. The number of leaves/balls passing recording stations along the
stream are tallied. In algebra and calculus courses the Stream Lab is used to discuss average rate of change as well as an introduction to derivatives. In PDE classes students are
challenged to develop a transport model for the resulting data. In the process students gain
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greater understanding of graphing multivariable data and functions, mechanistic interpretation of parameters, diffusion, conservation laws, parameter estimation as well as mass and
momentum transport processes.

4.3.2

Lesson Outline

The lab expectations and agenda outlined below were originally written for a computational PDE course consisting of upper-class mathematics, statistics and engineering
undergraduates as well as secondary mathematics teachers.
The general objectives for students are:
• Devise a method to numerically solve and parameterize the advection PDE to describe
the data.
• Create an alternate PDE model (“significantly” different than the advection model)
that accurately describes the data.
• Devise a method to numerically solve and parameterize the alternate model and compare with data.
The student groups are also asked to produce a short written report or present their findings
via PowerPoint/Beamer. The reports should include:
• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
the alternate model, and parameterization
• Results - Contains an analysis of the model’s performance
• Discussion and Conclusion - Contains an evaluation of results

4.3.2.1

Lab Agenda

The in-class (and sometimes stream-side) portion of the Stream Lab proceeds as follows:
1. Lecture: Introduction to Stream Lab and the advection equation [15 minutes]
2. Data Collection: Collection and recording of data [30 minutes]
3. Class Discussion: Design numerical scheme for solving the advection equation [15
minutes]
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4. Group Discussion: Groups plot data and share ideas about calibrating the model to
fit the data [10 minutes]
5. Group Time: Discussion, development and fitting of alternate models. [50 minutes]
6. Class Discussion: Groups present alternate models and calibration strategy [45 minutes]
This agenda is covered over a few lab/lecture days, with the expectation that student
groups should be meeting, discussing their models, parameterizing and comparing with
data.

4.3.3

Lab Setup

Leaves, ping-pong balls or small wooden blocks are transported down a stream of
flowing water.

4.3.3.1

Materials

The following materials are needed:
• A easily accessible stream, canal or small river preferably shallow and free of large
obstacles
• 70 ping-pong balls/blocks or 2 large garbage bags full of leaves
• 100 foot measuring tape
• Stop watch
• Whistle
• Pencil and paper
• Retrieval nets (Fishing or butterfly nets work well for retrieving balls/blocks from the
stream.)
• (Optional) Fishing waders
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• (Optional) Cell phone cameras

4.3.3.2

Methods

A general outline for the stream lab using ping-pong balls is:
1. Set up observation stations by positioning students every 10 to 20 feet along the bank
of the stream. If there are enough students, it’s helpful to have pair off. One student
can act as recorder for their station while the other counts the balls.
2.
3. Set up ball retrieval station. Distribute nets and waders to two or three students to
ensure that all balls are removed from the waterway. Students wearing waders (or
rolled-up pants) can fetch any remaining balls from the stream that may be stuck to
an obstacle.
4. Observe transport of balls.
(a) Either dump all the balls in the stream at once (a delta release) or drop the balls
individually in the stream at a constant rate.
(b) Have a student blow the whistle every 10 seconds.
(c) The observer at each station counts (or takes a picture) and tells the recorder
the number of balls in their section of the stream every time the whistle blows.
(d) The recorder writes down the seconds elapsed and the number of balls in their
section of the stream for each whistle blow.
(e) Continue until all the balls have either reached the ball retrievers at the end of
the stream or have stopped moving.
5. Repeat the observation sequence at least three times for the same release to assess
variability.
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With ping-pong balls there is a tendency for them to stick together as they float down
stream. Ideally students will determine whether to separate the balls (this can be done
unobtrusively with the handle of a butterfly net) or to let them float along in a pack.
Alternatively, children’s wooden alphabet blocks do not stick together. Leaves are much
more sticky and work well if the goal is to simulate pollutants leaching out of a stream.
Additionally, the leaves do not need to be gathered.

4.3.4

4.3.4.1

Data and Examples

Sample Data

The data from the stream lab below was collected from a shallow creek with a steady
current. After 90 feet the creek expands in width causing eddies to occur, slowing the
ping-pong balls. The balls were all dumped at once to simulate a delta release.

4.3.4.2

Examples

In this example students adjusted the advection equation discussed in the classroom
portion of the lab. Rather than assuming a delta release, they used a Gaussian since the
first balls dropping from the bucket would be immediately carried downstream on contact
with the water while the other balls are still in the air. After the initial drop, the students
focused on the slowing of the overall current once the balls floated into the wider section
of the stream. To capture the differences in stream velocities the students proposed a
piece-wise advection equation,

∂p
∂p
= −v1,2
∂t
∂x

(4.13)

where v1 and v2 are the spatially dependent stream velocities, t is time (seconds), x is the
distance (ft) from the release point and p represents the number of ping-pong balls. The
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Table 4.2: Average number of balls at a given observation station along a shallow stream.
The observation points were 18 ft apart center to center and each observer was responsible
for counting the number of balls in the stream nine feet to the left and right of where they
were standing. The stream widened a great deal (from 12 to 22 ft) at the 6th viewing
station leading to eddies and back currents slowing and trapping some balls in the 7th and
8th observation points.
Average Number of Balls
time (s)

St 1

St 2

St 3

St 4

St 5

St 6

St 7

St 8

10

0

0

0

0

0

0

0

0

20

1

0

0

0

0

0

0

0

30

43.67

20

0

0

0

0

0

0

40

51

59.33

0

0

0

0

0

0

50

1.33

16

42.33

0

0

0

0

0

60

0

3.33

32

20.67

0

0

0

0

70

0

3.33

3.33

23.67

29

0.33

0

0

80

0

3.33

0.67

1.67

46

22

0

0

90

0

3.33

0

0.67

5.33

57

0

0

100

0

3.33

0

0.33

2.67

41

0

0

110

0

3

0

0.33

2

14.33

7

0

120

0

3

0

0

1.33

5.67

46.33

15

130

0

3

0

0

1.67

4

22

18.33

140

0

3

0

0

1.67

3

11.33

3.33

150

0

3

0

0

1.33

2.67

14.33

8

160

0

3

0

0

1.33

2

12.33

22

170

0

3

0

0

1.33

1

16.67

24.67

180

0

3

0

0

1.33

0.67

16.67

22

190

0

3.5

0

0

0

0

0.5

19

200

0

3.5

0

0

0

0

0

16
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stream widens after 90 feet, so for the first 90 feet the model uses the fast velocity, v1 , and
the slow velocity, v2 , for the remaining distance. The group computed the velocities by
tracking the speed of the peak number of balls as it moved down the stream.
time =50.000
70
60

Number of Balls

50
40
30
20
10
0

0
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40

60

80
Distance

100
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140

Figure 4.11: A snapshot of the students’ variable velocity advection equation, 4.13, compared with the average (of three trials) number of ping-pong balls 50 seconds after release.
Students computed the fast velocity (v1 ) to be 1.3 ft/s and the slow velocity (v2 ) to be 1
ft/sec.

In this example students built their own, 2-compartment PDE model. The students
noted that some balls (P ) were carried along in the current from start to finish while others
(U ) would peel away and slow down. Quite a few balls would move from the fast moving
current to the slower moving portions of the stream, no balls moved from the slow areas of
the stream into the current. Thus, their model became
Ut = −v2 Ux + µP,
(4.14)
Pt = −v1 Px − µP,
where µ is the rate balls move from the fast stream current to the slower sections, v1 , and
v2 represent the fast and slow stream velocities respectively. After fitting the model to the
data the students were surprised to find µ = −0.15 was the best fit since that indicates
balls moving from the slow current to the fast, which was not observed.
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time =50.000
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Figure 4.12: A snapshot of the students’ 2-compartment stream transport model, 4.14,
compared with the average (of three trials) number of ping-pong balls 50 seconds after
release. Students computed the fast velocity (v1 ) to be 1.5 ft/s and the slow velocity (v2 )
to be 1.1 ft/sec and µ = −0.15.

4.3.5

Background and Extensions

Mathematics surrounding 1-D stream flow. We often discuss recent, local, instances
of stream/water pollution to build biological context (or turn to Wikipedias Exxon Valdez
article).
Flux has units of

# leaves
volume ,

and flux density is measured in
# leaves # leaves volume
−
·
time
volume
time

Consider a section of stream of length ∆x:

# leaves
volume·time

Note that flux is
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Figure 4.13: In this picture we see that if flux is increasing, Fin > Fout , then the number
of leaves in the section is increasing. If flux is decreasing, Fin < Fout , then the number of
leaves in the section is decreasing.

Let F denote flux. If Fin > Fout , then the number of leaves in the section is increasing.
If Fin < Fout , then the number of leaves in the section is decreasing.

Fin =

# leaves at x
# leaves at x volume
=
·
time
volume
time

where A = cross sectional area and volume = ∆x · A

Fin =

# leaves at x ∆x · A
# leaves at x
·
=
·v
∆x · A
time
∆x

Similar

Fout =

4.3.6

# leaves at x + ∆x
·x
∆x

Assessment Items

The assessment items below target learning objectives from an introductory computational PDE course consisting of upper-class mathematics, statistics and engineering under-
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graduates as well as secondary mathematics teachers. While the questions below can assist
in determining students’ understanding, the primary assessment tool for the Stream Lab
should be the students’ written reports. See Pedagogical Resources for additional discussion
of leaning levels).
1. Algorithmic Skill: Consider the advection PDE ut = vux . Show that u(x, t) =
2

50e5(x0.25vt) is a solution to the PDE.
2. Algorithmic Skill: Solve the linear advection problem given by

Ut + vUx = 0,

where u = u(x, t) and v =constant. Assume cyclic boundary conditions

u(0, t) = u(L, t)

and the initial condition

u(x, 0) = f (x) = Aeikx

for 0 ≤ x ≤ L,

f (x + L) = f (x).

3. Comprehension and Communication: Prove that u = f (x − vt) is always a
solution to ut = −vux where v is a constant.
4. Application: Your group is asked to model leaves floating down a stream. One of
your teammates suggests altering the advection equation with an additional term to
account for the leaves that get stuck to the bottom or sides of the stream and are no
longer counted in the data. Your teammate writes

Lt = −vLx − λL,
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where L is the number of leaves, v is the (constant) stream velocity and λ is the rate
at which leaves a getting stuck. How would you solve this PDE numerically? Include
your pseudocode below.
5. One of your group members came up with the following model for the Stream Lab
before she had to leave:
Ut = −v2 Ux − λU + µU,
Pt = −v1 Px − µP.
However, she did not fully describe each term. You know that U (x, t) represents the
balls traveling slowly down the stream and P (x, t) is the fast moving balls.
(a) Comprehension and Communication: What are the units of each parameter?
(b) Comprehension and Communication: Provide a mechanistic interpretation
for each of the model’s terms.

4.4

Disease Lab
Students use transparencies and dry erase markers to simulate the spread of a zombie

virus in a closed population. Students are then challenged to create their own “disease”
and develop an ODE model for the resulting data. From this exercise students gain greater
understanding of population and SIR models, disease dynamics, parameter estimation and
compartment modeling.

4.4.1

Overview

Gaining hands on experience with diseases in a mathematics classroom is typically
not possible and likely not appropriate. In the Disease Lab students collect data from a
simulated “zombie virus” outbreak and then fit a given model to the data. Students are
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then challenged to create and simulate a new virus outbreak and create and fit a model to
the new data.

4.4.2

Lesson Outline

The outlined expectations and agenda are geared for classes consisting of mathematics,
statistics, biology, natural resources and biological engineering students with calculus and
differential equations experience. See Pedagogical Resources for additional teaching and
scaffolding suggestions.

4.4.2.1

Expectations

Teams are expected to:
1. Parameterize the proposed model for the basic zombie disease
2. Create a model for the team’s adjusted disease.
3. Estimate parameters using data and model hypotheses.
Teams are also expected to produce a short paper containing:
1. An introduction describing their disease and its similarities to other diseases,
2. A methods section that contains a description and justification of their proposed
model and a clear explanation of how parameters were estimated,
3. A results section that describes how well the their model performed with as well as a
“picture” of the predicted populations plotted with their data for a visual reference,
4. A discussion and conclusion section detailing model implications.

4.4.2.2

Lab Agenda

A general outline for the Disease Lab is:
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• Lecture: Introduction to the Disease Lab and basic zombie disease (15 min)
• Group Time: Designate roles for basic zombie disease and play game at least 2 times.
Parameterize and solve proposed model (25 min)
• Class Discussion: Teams plot and compare given model to data and share ideas on
how to improve the model (10 minutes)
• Group Work: Teams create their own adjusted disease and play game at least 2 times
(15 min)
• Group Work: Teams create, develop and parameterize models for their adjusted disease (15 min)
• Class Discussion: Groups present models for their adjusted disease data including
description of units parameters (40 minutes)
This schedule can be tightened (e.g. parameters for the given model can be calculated
as a class, groups hand in reports instead of presentations) as the instructor needs and
is aimed to be accomplished over the span of multiple class periods. Between class days,
students are expected to meet regularly as groups to further develop their models and
compare with data.

4.4.3

Lab Setup

Diseases are simulated using transparencies and dry erase markers.

4.4.3.1

Materials

The following materials are needed for each group:
• 2 hexgrid transparencies (figure 4.14)
• 2 dry-erase markers (different colors)
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Figure 4.14: Hex grids for zombie game.

4.4.3.2

Methods

4.4.3.2.1

Basic Zombie Game

To generate data for the basic zombie game one team

member directs the zombie population (Zombie Master), one leads the human population
(Humanoid King/Queen) and one judges results and records data. Zombies and humans
are drawn by their respective rulers on separate hex transparencies using dry-erase markers
of different colors beginning with 1 zombie and 49 humans. For the basic zombie virus
each zombie occupies three consecutive hexes, one for its huge head and one for each of its
attacking arms, while humans fill only one hex each. Once the Zombie Master and Humanoid
King/Queen have secretly placed their respective players on the hex arenas, one determines
which humans have been successfully attacked by counting the hexes that are occupied by
a human and a zombie arm or head when the transparencies are superimposed as seen in
figure (4.15). These new zombies are added to the zombie population and transparencies
are then erased for the subsequent turn. The game is over once the entire population has
been zombified.
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Figure 4.15: Example from basic zombie game where the zombie population would increase
by one.

4.4.3.2.2

Student Adjusted Disease

Students alter the basic zombie virus to create a new

disease. Changes students frequently make:
• Allow for recovery
• Expand or contract the “radius of infection”
• Allow for an infected, but not contagious period

4.4.4

Data and Examples

Data along with some student approaches from an introductory mathematical biology
course and an ODE course are presented to illustrate some common student approaches
and to help prepare teachers to scaffold student thinking.
Here is an example of one type of data set and the associated plot for the basic zombie
disease.

121

Day

1

2

3

4

5

6

7

Humans

49

48

46

40

28

10

0

Zombies

1

2

4

10

22

40

50

In Utah State University’s Applied Mathematics in Biology class the Disease Lab is
used to introduce discrete modeling.
For most groups the model progression is as follows:
• Suppose n is the number of turns which have been played in the disease game, and
Zn is the number of zombies in the nth turn of the game. Then one may write

Zn+1 = Zn + Znew

where Zn ew is the number of individuals which are newly infected during turn n
• A beginning model can be put together by assuming that the distribution of infective
hexes and zombies creating them is random. If each infected individual occupies 3
hexes (one for the hex they stand in and one for each of their two arms), and the
board contains 100 hexes, then an approximation for the total number of hexes which
are infectious at turn n is
Zn ×

3
.
100

• The number of humans on turn n, Hn , is the total (T ) less the number of current
zombies, that is

Hn = T − Zn .
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• Then the number of new zombies can be approximated

Znew = Hn × Zn ×

3
.
100

• Putting this all together gives an initial, discrete logistic model for the propagation
of disease:
Znew = Zn + Zn ×

3
× (T − Zn ).
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Figure 4.16: Data from the basic zombie game along with predicted zombie (N) and human
() populations from the discrete logistic model.

This model (discrete logistic equation) often serves as a foundation for students to
build other, (sometimes) more advanced models, for data created from playing the game
according to student created rules.
In calculus focused classes (e.g., calc 1,2 or ODE) we focus on continuous models. From
our Basic Zombie Game perspective, the logistic population growth model is based on two
concepts:
1. Individuals in the population are considered to have equal probability of being infected
by a zombie a rate of α, the infection rate. For the Basic Zombie Game we expect
α ≈ 0.03 since each zombie occupies 3 out of 100 hexes yielding an infection rate of
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0.03. So, a zombie can attack and infect αN others per day, where N is the total
population. The fraction of susceptible humans is thus H/N . Hence, the number of
new zombies created in one day per zombie is then αN (H/N ), giving the rate of new
zombie creation as
dZ
= αN
dt



H
N


Z = αHZ.

(4.15)

2. When a human is attacked, it must become an zombie the next day. Let β represent
the conversion rate of humans to zombies. Then, because every gain of the zombie
population is an equivalent loss from the human population (i.e., β = 1), the change
in the human population can be characterized with
dH
= −βαHZ.
dt

(4.16)

Now, note that
β

dZ
dH
=−
,
dt
dt

relates only derivatives and can therefore be integrated. Integration yields

H(t) = H0 − β(Z(t) − Z0 ).

Finally, substituting (4.17) into (4.15) leads to
dZ
= αZ(H0 − β(Z(t) − Z0 )),
dt
= αZ(H0 − βZ0 − βZ(t)),


α
H0 − βZ0
= Z
− Z(t) .
β
β

(4.17)
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Now, let λ = α/β and K = (H0 − βZ0 )/β to get
dZ
= λZ(K − Z),
dt

(4.18)

a common calculus textbook form of the Logistic Model where K represents the carrying
capacity and λK is the rate of maximum population growth. However, Verhulst originally
emphasized the growth rate by writing (4.18) as


Z
dZ
= rZ 1 −
,
dt
K

(4.19)

where r is precisely the growth rate λK.
Solving for the population Z(t) we get

Z(t) =

KZ0
.
Z0 + (K − Z0 )e−Kλt

(4.20)

In most calculus and differential equations classes λ is approximated by using a data from
the set; i.e., substituting t = 4, Z = 22, Z0 = 1 and K = 50 into our solution yields
λ ≈ 0.018. Alternatively students can get a better feel for fitting by simply “eyeballing”
λ. Since the logistic model does not perform well students typically adjust the assumptions
of the models (e.g., per capita growth is not linear) to build their own, more descriptive
models.

4.4.5

Background and Extensions

At Utah State University the Disease Lab is often built around the Humans vs Zombies
game of moderated tag played on campus. The game is briefly described here along with
some student approaches to modeling the data.
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Figure 4.17: Data from the basic zombie game along with predicted zombie population from
the continuous logistic model. Here, λ = 0.018.

4.4.5.1

Humans vs. Zombies

HvZ is a game of moderated tag that started at Goucher College in 2005 and is currently
played on campuses worldwide [31]. The game is played in a bounded area at specific hours
of the day, e.g. on campus from 8 a.m. to 10 p.m., excluding buildings. Humans are
converted into zombies by touch (tag). Humans can defend themselves by stunning zombies
for 15 minutes with a Nerf dart blaster or by pelting zombies with a pair of socks rolled
up into a ball. Also, a zombie dies if it does not infect a human within a 24 hour period.
Additionally, humans are required to fulfill certain missions at various points during the
game. These missions result in large fatalities in the human population and a corresponding
increase in the zombie population. In order to track the progress of the game, zombies are
required to report the ID number of each human they tag. This data drives the second
portion of the Zombie Lab.
In general, students are excited to model this data since they have all played or witnessed the HvZ game on campus. Presented here are a couple of student approaches to
modeling this data.
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Figure 4.18: Data from the Humans vs. Zombies game played on the USU campus depicting
the rise and fall of the zombie population (o) in relation to the human population (*) over
time. New players were allowed to join the game during the first day (hence the increases
in the human population). Additionally, the jumps in the populations were due to missions
the humans were required to fulfill at various points in the game that result in many humans
being turned to zombies.

4.4.5.1.1

Threshold Model

This group conjectured that the rate of zombies dying or

simply quitting the game would grow with time due to the increasingly scant supply of
humans to feed on as the game progressed as well as zombified students simply quitting
when the action died down a bit. Additionally, they supposed that there is a critical zombie
threshold population, P , that if crossed would cause a collapse of the zombie population. In
order to accommodate these two hypotheses the students’ model took the following form:



dZ
Z
Z
= −r 1 −
1−
Z − stZ,
dt
P
K

(4.21)

where r is the intrinsic growth rate, K is the carrying capacity and s describes the increasing
rate at which zombies die or leave the game.
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Figure 4.19: Plot of students’ Threshold Model fitted to the HvZ zombie population data
using least squares. Students estimated the intrinsic growth rate at 0.122 and the death
acceleration term s ≈ 0.0014. The model is based on the hypothesis that once the zombie
population has been reduced below a critical threshold it would naturally collapse to zero;
students did not notice that their threshold, P ≈ 840, was very similar to the corresponding
K ≈ 845.

4.4.5.1.2

The Answer’s a Parabola, Right? Model

Some students have had experience

fitting polynomial curves to data, and when confronted with the HvZ data (figure 4.18)
immediately want to fit a parabola. Most of these students are initially straightforward
with their intentions, suggesting models of the form

dZ
= At + B where A represents the
dt

population’s rate of acceleration and B is the growth rate. Many realize their approach is
off target when asked to either describe the relationships between the variables they used to
create the model or outline the physical concepts upon which the model was derived. They
come to understand the models are supposed to be mechanistic and not strictly empirical
models used to drive a curve through points. However, others remain determined that the
parabola is the right answer, but it simply needs to be dressed up more.
In one class, the lab occurred shortly after the students had learned the method of
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integrating factors. In a homework assignment students were asked to “...construct a first
order linear differential equation whose solutions have the required behavior as t → ∞” [5].
The students were then assigned a variety of functions their solutions should approach.
Inevitably, some students noted they could simply extend their homework experience to the
HvZ scenario and produced the model

dZ
dg
+ Z(t) =
+ g(t) where g(t) = At2 + Bt + C,
dt
dt

the parabola the students want to use to model the data. The students proceeded to solve
the differential equation using the method of integrating factors to get Z(t) = At2 + Bt +
C + De−t (figure 4.20), a function that approaches g(t) = At2 + Bt + C asymptotically.

Figure 4.20: Plot of The Answer’s a Parabola, Right? student model. Students constructed
a differential equation whose solution asymptotically approached g = 54 + 13.55t − 0.18t2 ,
the quadratic fit.
So, while every student model will not be mechanistic, the students were using mathematics to explain and describe data fluently which is seldom seen in a typical differential
equations classroom.

4.4.6

Assessment Items

Primary assessment of student learning is taken from students’ written reports. Additional assessment items targeting lab objectives are included here along with their targeted

129
learning levels (see Pedagogical Resources for additional discussion of leaning levels).
1. (Discover-a-Relation, Construct-a-Concept) John is studying how some businesses
flourish over time. Using the reported per capita employee growth of Microsoft from
1990-2005, John calculates and draws the line of best fit. He then conjectures that
Microsoft experienced exponential employee growth over that interval. Explain why
you either agree or disagree with John’s assessment (figure 4.21).
2. (Creative-Thinking, Comprehension-and-Communication) Given data describing the
population, P over time, list three different plots (or ways of arranging the data) that
may help you develop a model and give reasons for your choices.
3. (Discover-a-Relation, Comprehension-and-Communication) On the virtual farm, the
virtual farmer has been simulating a new breed of digital rabbits. His observations
are presented in the plot below (figure 4.22). Use the virtual farmer’s data to develop
a population model. Be sure to give a biological description of any parameters you
may introduce along with a description of their units.
4. (Algorithmic Skill) Tumors are cellular populations, T , growing in a confined space
where the availability of nutrients is limited. The Gompertz curve has been successfully fit to data of growth of tumors. The Gompertz differential equation is of the
form
dT
= rT log
dt



K
T



where r is the intrinsic growth rate. What are the equilibrium solutions of the Gompertz equation?
(Comprehension-and-Communication) Sketch a few solution curves that illustrate the
dynamics of the model.
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Figure 4.21: Plot for test item 1 displays percapita growth data of Microsoft employees
from 1990 to 2005 along with the line of best fit.

Figure 4.22: Plot for test item 3. Percapita growth of a fictional rabbit population is
displayed along with the line of best fit.
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5. (Appreciation) In your opinion what is the role of mathematics in the study of disease?
Mathematics is (circle one)
a. of fundamental importance as the study of disease is a quantitative science
b. useful to some scientists in solving problems of limited use to a few scientists
working in theoretical areas
c. irrelevant
Write a sentence or two explaining your choice above.

4.5

Brine Shrimp Lab
Young brine shrimp movements within a petri dish are tracked by students. Students

are challenged to determine and verify whether the brine shrimp move in a random walk.
In algebra and statistics the lab is used to discuss distance, regression, parameterization
and basic modeling techniques. In multivariable calculus and differential equations courses
students focus on plotting multivariable data, develop the concept of a partial derivative
and diffusion as well as model parameterization techniques.

4.5.1

Overview

Students measure and record the distances brine shrimp travel in a petri dish and
determine whether the brine shrimp move in a random walk. Concepts as simple as distance
and linear relationships and as complex as non-linear fitting and modeling with PDEs are
illustrated through the lab.

4.5.2

Lesson Outline

Students decide whether brine shrimp swimming in shallow water in a petri dish are
moving randomly. In algebra and statistics courses, the lab requires students to create a lineof-best-fit to match displacement data. The expectations and lab agenda below are geared
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towards an introductory mathematical biology course comprised of under-class mathematics, statistics, biology and biological engineering students with some calculus experience.

4.5.2.1

Expectations

Each group will complete a homework assignment which will include
• A brief executive summary of approaches and results.
• As estimate of the diffusion parameter for your brine shrimp population, accompanied
by a graph of mean squared displacements and the regression line used to estimate
Dl.
• Presentation of predictions and observations for arrival times, with some ‘goodness of
fit’ parameter(s).
• Presentation of predictions and observations for rates of dispersal into annuli, with
some ‘goodness of fit’ parameter(s).
• Brief concluding discussion of whether or not the diffusion equation is an appropriate
model for dispersal of brine shrimp, supported by the above results.

4.5.2.2

Lab Agenda

The in-class portion of the Brine Shrimp Lab proceeds as follows:
1. Lecture: Introduction to Brine Shrimp Lab (5 minutes)
2. Lecture: Class discussion on random walks and diffusion (20 minutes)
3. Data Collection: Groups measure mean squared displacement for a variety of individual brine shrimp to estimate the diffusion constant(25 minutes)
4. Class Discussion: As a class discuss prediction arrival times using the diffusion constants the groups estimated and the diffusion equation (10 minutes)
5. Data Collection: Groups observe arrival times to test the validity of the diffusion
model for brine shrimp (30 minutes)
6. Class Discussion: Groups present their results on whether their data suggests brine
shrimp move in a random walk (30 minutes)
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4.5.3

Lab Setup

Students study the movement of brine shrimp using readily available materials.

4.5.3.1

Materials

Each group will need:
• Two small dishes with tap/“Instant Ocean” water in 5/1 proportions; place several
brine shrimp in one dish.
• An eye dropper for releasing individuals.
• A light table, overhead projector or document camera.
• Datasheets and pencils for recording the location of the shrimp at each ‘mark.’
• A large petri dish with 50 ml of tap/“Instant Ocean” water in 5/1 proportions.
• Graph paper (document camera) or translucent graph paper (light table) or graph
paper copied onto transparency (overhead projector), with 10 lines per inch.
• A stopwatch or timer.

4.5.3.2

Methods

We recommend the following experimental procedure for the Brine Shrimp Lab:
1. Divide into groups of 3-4. Each group will need at least one person to manage the
stopwatch (Timer), observe the location of the brine shrimp (Observer) and record
data (Recorder).
2. In the center of the graph paper indicate an origin and relative to that origin annotate
coordinates at one inch intervals to aid in position estimation.
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3. Place the graph paper on the document camera (or similar), place the large petri dish
on top, and center the coordinate system approximately at the center of the petri
dish.
4. Place a little brine in one small glass bowl.
5. Suck up a number of brine shrimp with the eye dropper and gently squirt them into
the brined bowl.
6. Observe brine shrimp movement
(a) The observer must suck up an individual shrimp with the eye dropper and carefully release them at the origin. Be careful; it’s easy to give the shrimp(and the
water) a big push upon release!
(b) Let the water settle and, if needed, reposition the petri dish so the brine shrimp
is at the origin.
(c) When the brine shrimp is in position, the Observer should say “Start” and the
timer will start timing.
(d) Every five seconds the Timer will call out “Mark,” the Observer will estimate and
call out the shrimp’s x, y position for the Recorder to write down (Alternatively,
the brine shrimp setup can be projected onto a whiteboard and the positions can
be noted on the board and the x, y coordinates can be recorded at the conclusion
of the experiment.)
(e) Continue each data track until the shrimp finds the edge of the petri dish or 90
seconds, whichever comes first.
(f) To avoid confusion as well as sample across the shrimp population, suck the
shrimp out of the petri dish and expel it into a second small bowl.
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7. Repeat the observation sequence switching roles so that every group member has a
chance to observe.

4.5.4

Data and Examples

Sample data 4.25 observed and recorded by students along with their results from fitting
the diffusion equation to the data is presented in order to highlight students’ reasoning and
methods.

4.5.4.1

Examples

From the data plotted above 4.25, students were able to estimate the diffusion constant
of their shrimp by dividing the slope of the fitted line by four. Hence, D ≈ 0.865. To test
whether the diffusion PDE is a good model for brine shrimp movement, the students used
their cell phone to film the arrival of shrimp at each of the 6 inner-most annuli pictured in
4.24. They released 200 shrimp and counted the number of shrimp in each annuli at 5, 10
and 15 seconds.
While the students felt the diffusion model matched the general shape of the shrimp
distribution over time, they surmised that biological factors (specifically, foraging) caused
the model to perform quite poorly.

4.5.5

Background and Extensions

One way to think about an organism that searches its environment randomly is that
it performs a random walk. Of, on average, organisms make a ‘run’ of distance ∆s over a
time interval of ∆t, after which they re-orient and choose a new direction at random, it can
be shown that the population density, P (x, y, t), for a number of such organisms obeys the
diffusion equation
 2

∂ P
∂2P
∂P
=D
+
.
∂t
∂x2
∂y 2

(4.22)
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Figure 4.23: Students graph of the mean displacement squared of brine shrimp. The shrimp
started at the center of the dish placed on a piece of graph paper on a light box. Every
5 seconds the shrimp’s location was recorded during ten 1-minute trials. The resulting
averages of distance removed from the origin show shrimp disperse from the origin at a
dependable rate.

Figure 4.24: Students use the annuli paper to observe shrimp arrival times at various
distances from the origin.
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Figure 4.25: Graphs created by students depicting the number of shrimp in each annuli of the
mean displacement squared of brine shrimp. The students concluded the diffusion model
broadly captures the movement of brine shrimp. Furthermore, they surmised biological
factors (e.g., foraging for food) are likely the cause it does not perform better.

The diffusion constant, D, is related to the random-walk parameters by D =

∆s2
.
4∆t

The solution to D.8 corresponding to predicted population densities following a point
release of N organisms at the origin at t = 0 is

P (r, t) =

where r =

y2
x2
N − r2
1
1
e 4Dt = N · √
e− 4Dt · √
e− 4Dt ,
4πDt
4πDt
4πDt

(4.23)

p
x2 + y 2 is the distance from the origin. Note that 4.23 depends on x and y

independently through the two normal distributions, each with variance σ 2 = 2Dt.
The mean square expectations, hx2 i, hy 2 i, for the two coordinates grow linearly with
t, that is
hx2 i,

hy 2 i = 2Dt
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because the density function can be written as the product of two independent Normal
probability distributions (as in 4.23). Since each coordinate is independent, we have

hr2 i = hx2 i + hy 2 i = 2Dt + 2Dt = 4Dt.

(4.24)

This gives a method for estimating the diffusion constant for a brine shrimp population
tested in this lab. Individuals can be tracked, with coordinates measured at several instants
in time. The mean of the square displacement for all individuals can be calculated at each
point in time and then fitted to a line. One quarter of the slope of that line is an estimate
of the diffusion constant.

4.5.6

Assessment Items

The following assessment items were written to target learning objectives in the Brine
Shrimp Lab in a beginning PDE or Applied Mathematics in Biology course setting.
1. Simple Knowledge: State the PDE for diffusion and the correct units for the diffusion coefficient.
2. Algorithmic Skill: Solve the PDE for diffusion

ut = Duxx ,

0 < x < l,

u(x, 0) = f (x),

−∞ < t < ∞,

u(0, t) = 0,

k>0

u(l, t) = 0

3. Construct a Concept: Provide 5 examples of diffusion or random motion in nature.
4. Algorithmic Skill: From the given data, estimate the diffusion coefficient.
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Figure 4.26: Displacement of brine shrimp over time

5. Comprehension and Communication: Explain the behavior of the brine shrimp
based on the data provided.
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Figure 4.27: Distance of brine shrimp from a center point over time

4.6

Leaky Bucket Lab
Students test Torrecelli’s law and develop and compare their own alternative models

to describe the dynamics of water draining from perforated containers. In algebra courses
students gain experience and perspective using a classic model. In ODE courses students
gain greater understanding of ODE compartment models, parameter estimation and fluid
flows.
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4.6.1

Overview

Students measure and record the height of fluid remaining in a container as it exits
through a small hole over time. A well-known model, based on Torricelli’s law, illustrates
concepts as simple as quadratic polynomials and their roots and as complex as modeling
container shapes mathematically and integrating separable differential equations. The classic model performs poorly in comparison with data, which encourages students to explore
alternate models.

4.6.2

Lesson Outline

Students attempt to explain and predict the time trajectory of fluid exiting a container
through a small aperture. In algebra and statistics courses, the lab requires students to
comprehend and parameterize the classic Torricelli model. More advanced students must
also formulate an alternate model of their own to explain drainage dynamics.

4.6.2.1

Expectations

The expectations and lab agenda that follow were written for a mathematical biology
class consisting of upper-level mathematics, statistics, biology and engineering students.
The lab should be adjusted to fit your students’ level of mathematical expertise.
The general objectives for students are:
• Accurately predict the rate of drainage of fluid from a leaky bucket, given knowledge
of the bucket’s geometry and the size/shape of drainage aperture.
• Create two models (one of which may be the Torricelli model or a close relative)
which will predict the emptying time of a leaky bucket which can only be measured,
not tested in advance. The models must be “significantly different” from each other.
• Calibrate models (i.e., estimate parameters) using data collected from buckets teams
construct and test.
• Develop protocol by which team models can be applied to similar, but independent,
containers which can only be measured before validation begins.
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We ask students (or student groups) to produce a short written report or present their
findings via PowerPoint/Beamer. The reports should include:
• Define and justify the models (Methods)
• Define the experimental protocol used to estimate the parameters (Methods)
• Perform measurements and estimate the parameters (Results)
• Verify that the models perform “acceptably well” (as justified and defined by the
modelers) on the original containers (Results)
• Apply the models (with parameters determined by calibration and measurement of
validation bucket geometry) to the new containers supplied for strong validation (Results)
• Answer the questions: “Which model did best? Why?” (Discussion and Conclusion)

4.6.2.2

Lab Agenda

The in-class portion of the Leaky Bucket Lab proceeds as follows:
1. Lecture: Introduction to Leaky Bucket Lab, initial data collection [15 minutes]
2. Lecture: Derivation of Torricelli model [20 minutes]
3. (Data Collection/Model Construction) Group Time: Design and creation of initial
buckets and protocol, drainage observations and initial comparison with Torricelli
predictions [60 minutes]
4. (Data Collection/Model Construction) Class Discussion: Groups sketch data, comparison w/ Torricelli model, share ideas on what’s wrong [20 minutes]
5. (Data Collection/Model Construction) Group Time: Discussion and development of
alternate models. Collection of additional calibration data [120 minutes]
6. (Model Presentation) Class Discussion: Groups present alternate models, calibration
strategy, scheme for addressing validation [45 minutes]
7. (Validation) Validation Buckets Revealed: Groups measure relevant geometry from
new buckets [15 minutes]
8. (Validation) Validation Challenge: Each group does one or two validation runs, contributes to public data pool [15 minutes]
This agenda is covered over a few lab/lecture days, with the expectation that student
groups should be meeting, discussing their models, parameterizing and comparing with data.
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In classes which have less scheduling freedom many details can be streamlined; e.g. buckets
with holes and benchmarks can simply be provided to students, or the data collection done
as a demo in front of the class. In classes where the point is more that applications exist
(e.g. of non-polynomial integration in calculus, or separation of variables in ODEs) the
class can be provided with one of the models discussed below and allowed to work with it
and class-collected data.

4.6.3

Lab Setup

The leaky buckets are created using scalpels and plastic jugs.

4.6.3.1

Materials

The following materials are needed (for each group of 3-4 students):
• 1-2 quart translucent or clear plastic jugs such as those containing milk, soda or juice
for use as leaky buckets
• Scalpels or X-Acto knives for cutting apertures and removing burrs (a drill with bits
is useful for circular holes, but not necessary)
• Waterproof marker
• Stop watch
• Duct tape (just on general principles)
• Ruler with at least millimeter scale
• Graduated cylinders or kitchen measuring cups for measuring metric volumes
• Access to tap water
• Plastic dish washing tub to capture drained water if a large sink is not available
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4.6.3.2

Methods

When time is not available for groups of students to develop and refine their own
procedures, or if instructors wish to offer a starting point to get things rolling, we provide
the following procedure (based on using a 1/2 gallon milk jug):
1. Divide into groups of 3-4. Each group will need at least one person to manage the
stopwatch (Timer), spot fluid levels (Spotter) and record data (Recorder).
2. Set up the bucket. Where the jug begins to have regular horizontal cross sections (2-4
cm above base for a standard US plastic half gallon milk jug) cut a horizontal slit
1-2 mm tall and 1-2 cm wide, being careful that the top and bottom of the slit are
parallel to the base of the jug. Every cm vertically from the bottom of the slit make a
horizontal mark, up to between 10 and 15 cm above the bottom of the slit (depending
on how far the jug maintains a relatively consistent cross section).
3. Measure the bucket. At a minimum, students need to estimate the cross-sectional
area of the bucket and the area of the aperture. Students may wish to measure the
cross section volumetrically, adding a known volume to the bucket and dividing by a
measured vertical height.
4. Observe drainage trajectories.
(a) Fill the bucket to the desired initial height (12 or 13 cm are used in this paper),
as measured by the bottom of the fluid meniscus. The aperture will need to be
covered either with a piece of duct tape or a convenient finger. If using a finger
be careful not to press hard enough to deform the container.
(b) Position the bucket so that it can drain into a sink or basin.
(c) Spotter removes tape and says Start! Timer starts stopwatch.
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(d) As fluid passes each vertical mark, Spotter calls Mark! and Timer gives the time
of the split, which Recorder records next to the appropriate vertical level.
(e) Continue until the bottom of the fluid meniscus is level with the top of the slit.
Timer records final emptying time. For a 1/2 gallon container with aperture of
.4 cm2 filled to 12 cm above the slit this will be between 30 and 60 sec.
5. Repeat the observation sequence at least three times for the same initial height of
fluid to assess variability.
One of the biggest issues is determining when to stop; depending on the size and shape of
both bucket and aperture the flow may transition from a free stream to an attached dribble
to periodic drips. Ideally students should discover and address this on their own; if time is
tight instructors can experiment with the bucket in advance to determine a stopping rule
for the observation sequence.

4.6.4

Data and Examples

Sample data (Table 4.3) along with some student approaches are presented to illustrate
the range of student creativity and to help prepare teachers to scaffold student thinking.

4.6.4.1

Examples

A purely empirical approach makes no attempt to respect underlying mechanisms, although it should reflect observed dependencies among parameters and variables (e.g. emptying time increases as aperture size decreases). Students, particularly from biological and/or
statistical backgrounds, are often inclined to fit decreasing, concave functions of time to
observed height trajectories. The most popular candidates are exponential models

h = h0 e−λt

(4.25)
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Table 4.3: Data collected by students from three buckets with differing apertures. The
‘buckets’ are two two-liter soda bottles and a 1/2 gallon milk jug. One milk jug and one
soda bottle were drained through a rectangular slit (with areas, a, indicated above) while
the remaining soda bottle was drained through two triangular holes (bases horizontal to
ground level) with total area a = .575. Student estimates for the cross-sectional area, A, of
the container are also given above.
h (cm)
13
12
11
10
9
8
7
6
5
4
3
2
1
0

Slitted Milk Jug
A = 86, a = .39cm2
0
0
0
0
1.72
2.17
1.87
1.72
3.99
4.31
3.99
3.99
6.7
6.4
6.17
6.7
8.63
8.8
8.58
8.63
11.1
11.6 10.63
11.1
13.54 13.75 13.09 13.54
16.47 16.64
16.2 16.47
19.52 19.56 19.33 19.52
23.19 23.12 22.78 23.19
26.97 26.96 26.67 26.97
31.73 31.68 31.24 31.73
38.11 37.73 37.85 38.11
92.2 81.84 62.14
92.2

Soda Jug, ∆ + ∆
A = 92, a = .575cm2
0
1.62
3.37
4.93
7.02
9.12
11.18
13.43
15.93
18.74
22.08
26.21
32.12

0
1.55
3.27
5.08
6.89
8.99
10.92
13.33
15.8
18.58
21.96
26.08
32.39

0
1.61
3.36
5.12
6.99
9.05
11.08
13.42
15.83
18.64
22.11
26.17
32.36

0
1.74
3.3
5.12
6.93
9.05
11.08
13.21
15.77
18.68
21.68
26.24
32.49

Slitted Soda Jug
A = 91.95, a = .38cm2
0
2.17
3.98
6.28
8.7
11.12
13.65
16.45
19.74
23.38
27.7
33.59
54.08

0
2.43
4.21
6.78
8.91
11.26
14.05
16.78
20.00
23.52
28.17
33.66
55.83

0
2.1
4.13
6.32
8.5
11.14
13.76
16.59
19.82
23.44
27.82
33.39
52.12

The most common student correction to the Torricelli model is to include a term
reflecting fluid friction at the aperture, generally assuming that the amount of fluid leaving
is a fraction, α, of the volumetric flow predicted by Torricelli’s law. Students give a variety
of reasons for including α. The velocity field at the aperture could be uniform, so that the
amount of fluid leaving is less than the peak velocity times the area of the hole; flow could
be impeded by the edges of the aperture, so that the effective area is smaller than measured,
or the peak fluid velocity itself could be lower than expected. Each of these could lower the
total flow rate at the aperture by some fraction, α.
The Torricelli model with the α is

A

p
dh
= −αa 2gh,
dt

h(0) = h0 .

(4.26)
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Figure 4.28: Comparison of two exponential ts and validation data (*). Torricelli predictions appear for reference (dotted curve). The solid curve depicts exponential predictions
generated by fitting exponentials to calibration data individually, then using linear regression to extrapolate to a and A values needed for the validation bucket. The dashed curve
depicts the use of a Pi Theorem approach to generating exponential predictions for the
validation data; in this case the Pi Theorem approach is vastly inferior.
The solution follows directly,
√

h = h0

2a
1−α
2 A

r

g
t
h0

!2
.

The parameter α is found by using the data to approximate

(4.27)

dh
dt

and then estimate α using

4.26.

4.6.5

Background and Extensions

Many modern biological applications require some knowledge of fluid mechanics. Examples include individual-based flight or swimming models, microbes in a chemostat, nutrient
cycling dynamics in mountain lakes, mathematical physiology, to name only a few. The
Leaky Bucket works well as a transition from discrete modeling to the more obviously biological labs (Yeast Lab, Brine Shrimp Lab), where it serves to pave the way to continuous
models. Finally, the Leaky Bucket lab provides a good introduction to many mathematical
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tools that students will need for other biological applications.
We often begin the Leaky Bucket Lab with the following scenario for students to build
context. Imagine, if you will, that you are taken captive by an evil genius (AKA your
teacher). This genius truly is evil, and has quite a diabolical plan for you.
“I have a container of liquid.” says the Evil Genius. “If you are to make it out
of here alive you must tell me how long it will take for the liquid to drain out
of my container. After you have made your guess we will start the flow of the
liquid and see if you will survive. Are you up to the challenge?”
In an attempt to survive you will be allowed to work with fellow captives in an initial
“testing” phase where you will measure data from a basic experiment before you go up
against the Evil Genius. It is up to you to ensure that you have plans to measure all the
parameters needed in your model. This may involve different levels of ingenuity, flexibility,
and special equipment from the instructors, depending on the models used. The Evil Genius
has agreed to play by a few rules. Holes on more than one level will not be used, however
multiple holes may be used. The shape and size of the holes will also be freely adjusted.
Can you survive?

4.6.6

Assessment Items

The following assessment items were written to target learning objectives in the Leaky
Bucket Lab for students in an ODE setting and are typically appropriate for students with
at least some calculus experience.
1. Comprehension and Communication: In your own words, compare and contrast
a scientific law (like Torricelli’s), a mathematical theory and a mathematical model.
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2. Algorithmic Skill: Describe the shape of the leaky buckets with the following crosssectional areas and solve Torricelli’s Model analytically for each.
√
a 2g √
dh
=−
h
dt
A(t)
(a) A(t) = t2
(b) A(t) = πcsc2 (t)
(c) A(t) = πt4
3. Comprehension and Communication: Describe how you would fit the following
data with a quadratic function.
30
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Figure 4.29: Height of water column leaking from a bucket over time

4. Comprehension and Communication: Members of your group provided the following alternate model for the Leaky Bucket lab, but failed to mechanistically describe
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the terms in their model. You make the assumption that h represents height and t
represents time and determine that you can figure it out.
√
a 2g √
h
dh
=−
h+β 2
dt
A
t
(a) What are the units of the model’s parameters?
(b) Provide a mechanistic interpretation for each term of the model.
5. Application: In the construction of Torricelli’s Model for the Leaky Bucket Lab we
used Bernoulli’s principle that states:
v2
p
+ gh + = constant
2
ρ
where v is fluid speed, g is the gravitational acceleration (9.81m/s2 ), h is the fluid’s
height above a reference point, p is pressure, and ρ is density. In the end, this leads
p
to ⇒ v = 2gh in Torricelli’s Model.
(a) What assumptions were made in Bernoulli’s principle that lead to Torricelli’s
Model?
(b) How would the model change if you challenged or adapted those assumptions to
better fit the Leaky Bucket Lab setup?

4.7

Coffee to Go Lab
A layered system of coffee and milk serves as a physical model for temperature gradi-

ents in lakes or the atmosphere, where temperature depends on both a temporal and spatial
variable. In multivariable calculus students focus on graphing the data, and developing empirical mathematical models to fit the data. In ODE classes students gain experience and
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perspective by applying Newton’s Law of Cooling to the layered system and predicting temperature trajectories. In more advanced courses the focus is on developing mechanistic PDE
models to fit the data while gaining greater understanding of diffusion and thermodynamics.

4.7.1

Overview

Using milk and coffee as a physical model for naturally layered systems (e.g., summer
lake stratification and winter inversions), students investigate the common components of
these natural systems and gain a sense of how scientists model natural phenomena. Students discover and construct the mathematical concepts of (1) multivariable functions, (2)
traces and level curves, and (3) partial derivatives. Calculus students discover relationships
between mathematical objects in higher dimensions and their single variable counterparts.
Advanced students can build and challenge existing PDE models.

4.7.2

Lesson Outline

Students spend 20 to 30 minutes creating a visually striking thermally layered system
and take data. Student groups then discuss mathematical approaches to describing the
data. The outlined expectations and agenda are geared for students with in multi-variable
calculus. See Pedagogical Resources for additional teaching and scaffolding suggestions.

4.7.2.1

Lesson Outline: Details

4.7.2.1.1

Expectations

Teams are expected to:

• Observe, record and plot the multivariable coffee/milk data.
• Fit a plane to the coffee/milk data.
• Create an empirical model that to predict the temperature of the coffee/milk at varying heights over time.
• Calibrate the model (estimate the parameters) using the collected data.
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We ask students (or student groups) to produce a short written report or present their
findings via PowerPoint/Beamer. The reports should include:
• Their mathematical model, with a description of their parameterization method.
• Description how well their model does/does not reflect observations.
• A graphical comparison of the logistic and alternate models, along with the data.
• Answers to the questions:
– How well do you feel your model would predict new temperature data assuming
an identical lab setup?
– How well would your model predict new temperature data if the initial temperatures, amount of initial liquids or surrounding temperatures were drastically
changed?
– At what point is the rate of change of the temperature with respect to height
the greatest? Does your model match this observation?
– What did you learn from this experience?

4.7.2.1.2

Lab Agenda

The in-class portion of the Coffee to Go Lab requires:

1. Lecture: Introduction to the Coffee to Go Lab and data collection setup [15 min]
2. Group Time: Data collection [20 min]
3. Class: Discussion of planar models [20 min]
4. Group Time: Parameterization of planar model and development of alternate model
[15 min]
5. Class Discussion: Groups present alternate models and parameterization strategy [45
min]
Usually, this agenda is completed over multiple class periods, assuming students are
meeting and discussing alternative models and parameterization strategies. The details of
the schedule should be altered to meet your students’ needs.

4.7.3

Lab Setup

The layered system is created in a clear glass using hot coffee, chilled milk and a long
funnel. Temperatures are observed over several minutes.
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4.7.3.1

Materials

Students work in groups of 3-4. In addition to hot brewed coffee and refrigerated whole
milk, each team needs the following materials pictured in 4.30.
• 1 tall glass
• 1 plastic funnel
• 1 straw
• 1 plastic cup
• 1 ruler, 2 rubber bands
• 1 lab thermometer (available online
$5.00)
Figure 4.30: Lab Materials

• 1 timer (or smart phone)
• paper towels for cleanup

4.7.3.2

Methods

Attach a ruler to the glass using rubber bands as shown in Figure 4.31b), so that the
zero mark lines up with the bottom of the glass. Fill the glass with 6 cm of coffee, and use
the funnel and the straw to pour 6 cm of milk under the layer of coffee. To do this, put the
funnel into the top of the straw and the straw in the coffee so that it touches the bottom of
the glass. Use the plastic cup to pour the milk into the funnel very slowly to avoid mixing.
Once poured, particular care must be taken to remove the straw slowly. Though we
try to avoid mixing, students can observe some interesting turbulent flows of the milk that
mixes with the coffee. The pouring process results in the layered system shown in Figure
4.31b). It is surprising to students that this actually works and that the resulting layers
remain quite stable over time.
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(a) Pouring the milk under the coffee.

Figure 4.31:
Lab.

4.7.4

(b) The finished lab setup.

Creating the layered system of coffee and milk for the Coffee Thermocline

Data and Examples

Sample data (Table 4.4, Figure 4.32) generated in a multivariable calculus class along
with some the students approaches are presented.

4.7.4.1

Examples

In calculus classes students are asked to extend their ideas about level curves, derivatives and empirical modeling to their data set that depends on two variables. Students are
encouraged to initially fit a plane to the data as a beginning model for the data. Overall it
is not a very good fit (see Figure 4.33b)). Students then experiment with the Mathematica
Fit command to explore how curved surfaces (polynomial functions) produce a better fit to
the data (see Figure 4.33c),d)).
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Table 4.4: An example data set collected by students.
Temp (◦ C)
Height (cm)
0
1
2
3
4
5
6
7
8
9
10

Time (min)
0
5
20
22
21
23
23
24
26
25
31
30
36
36
46
42
50
46
51
48
52
48
52
48

10
23
24
25
29
31
37
40
43
45
45
45

15
24
25
26
28
32
35
37
41
43
43
43

20
24
25
26
27
30
34
37
38
40
40
40

20
15
Time in min

10

5

0
50

Temperature in degrees Celsius

40

30
20
0

5
Height in cm

10

Figure 4.32: An example of a graph drawn by students in Mathematica.

4.7.5

Background and Extensions

A brief discussion of layers in nature and their effects are presented here.
The Coffee Thermocline Lab is inspired by layering phenomena in limnology and atmospheric science (see Figure F.3). Lake warming due to climate change can change the
mixing dynamics of deep lakes [32]. In the summer months, lakes stratify with warm water
layers on top and cold layers on the bottom. The surface water becomes separated from the
deep water (where nutrients tend to settle) through a density gradient. The thermocline is
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Temp in Celsius
50
45
40
35
30
25
20
0

2

4

6

8

10

height in cm

(a) A line of best fit captures the increasing temperature, but not the S-shape of the graph.

(b) A plane of best fit as a 3D analog of the
line of best fit.

Temp in Celsius

40
30
20
10

2

4

6

8

10

height in cm

(c) A cubic function captures the S-shape of the
graph.

(d) A polynomial of degree 3 in two variables.

Figure 4.33: Students draw on their experience with 2D graphs when thinking about
multivariable functions.
a layer of rapid transition in temperatures separating warm surface water from deep cold
water. In the fall, the surface water cools down, destroying the gradient. As a result the
layers mix and algae are washed out. Winter mixing oxygenates the deep water and brings
nutrient-rich water to the surface. Climate warming can prevent winter mixing, affecting
water quality and local ecosystems.
Another natural layering phenomenon is atmosphere inversions, a condition in which
a layer of cold air is trapped under a layer of warmer air, leading to the accumulation of
pollutants close to the ground. When driving into the valley through clear blue skies at high
elevation one can see the transition layer and hazy polluted air at lower elevations blanketing the region. Storms clear the air from pollution, until cold surface temperatures allow
pollutants to accumulate again. People who live in regions affected by winter inversions
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may experience increased rates of asthma and cardiovascular disease [20].

(a) Summer Lake Stratification: Warmer layers are

(b) Winter Inversion: In a valley, cool air is

on top, cooler layers on the bottom, separated by

trapped under a layer of warmer air.

a transition layer, the thermocline.

Figure 4.34: Examples of layering phenomena in nature

4.7.6

Assessment Items

Primary assessment of student learning is taken from students’ written reports. Additional assessment items targeting lab objectives are included here along with their targeted
learning levels (see Pedagogical Resources for additional discussion of leaning levels).
1. Give two examples of functions of more than one variable arising in real-world contexts.
What are the independent and dependent variables of each function?
2. Consider the following graph. Sketch the trace in the y, z− plane.

157

Figure 4.35: Figure of a paraboloid that accompanies question 2.

3. Explain how the level curves indicate the steepness of a graph of a function of two
variables.
4. How useful (if at all) do you think will mathematical models be in your future career?
Circle one:

not at all useful = 0

1

2

3

4 = extremely useful

Explain your response.
5. Provide two examples of multivariable functions arising in real-life contexts. What
are the dependent and independent variables in each case?
6. The figure below is a map showing curves of the same elevation of a region in Orangerock National Park ( [25], p.738). We define the altitude function A(x, y) as the
altitude at a point x meters east and y meters north of the origin (“Start”).
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(a) Estimate Ax (300, 300) and Ay (300, 300).
(b) What do Ax and Ay represent in physical terms?
7. How useful (if at all) do you think reasoning with limits and partial derivatives will
be in your future career? Circle one:

not at all useful = 0

Explain your response.

1

2

3

4 = extremely useful
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CHAPTER 5
CONCLUSION
The overall intent of this work is to help fill the gap between mathematics as it is
usually taught in post-secondary settings and the professional needs of practitioners in
academia and industry by putting students squarely in the role of applied mathematician
confronted with a novel biological situation. To this end we have created six Laboratory
Experiences in Mathematical Biology (LEMBs). As students complete LEMBs they will
gain authentic mathematical experience creating models that describe data of their own
making. In so doing students develop the interdisciplinary soft skills necessary for research
and professional success.
Throughout the course of this dissertation we have seen how LEMBs answer the call
for truly interdisciplinary education. Each individual LEMB is suitable for a spectrum of
college courses or they can be combined to form a hands-on, applied mathematics or mathematical biology class. Furthermore, LEMBs expose university faculty to research-based
teaching principles while highlighting the natural interdependence between algorithmic and
conceptual learning for students. When students are placed in the role of a mathematical biologist creating mathematics for biological application, they achieve mathematical
objectives at numerous levels of cognition and experience full-spectrum of learning.
In chapter two we discuss how the initial design of a LEMB must be student-centered.
A well-designed LEMB has the following traits:
• Promote Discovery—open-ended with ample opportunity to connect concepts and
explore
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• Authentic—an original task driven by student-collected data that uses models/techniques
actually used by practitioners
• Visible Success—back-story, data and available knowledge make it intuitively (ideally
visually) obvious if solution/model is “good”
• Engaging—an accessible, original question that fits into a broader storyline
The PAVE framework is discussed in greater detail through the presentation of the Disease
or Zombie Lab, a LEMB centered around the Humans vs Zombies game played on the
USU campus. By following the PAVE design principles there is an increased likelihood that
students will approach LEMBs in the same frame of mind as an applied mathematician,
ready to explore the data and create meaningful mathematical models. Furthermore, we
showed how LEMBs like the Zombie Lab, built according to the PAVE principles, improve
students’ attitudes towards mathematics while promoting meaningful learning at high levels
of cognition. PAVE sets the instructor up for success in presenting LEMBs to students.
While PAVE lays the foundation, it’s high-quality teaching that ensures the classroom
success of LEMBs. In chapter three we discuss one of the major obstacles in teaching
LEMBs: How can we encourage students to view the teacher as a mentor or coach rather
than lecturer and grader? Using the Yeast Lab as an example we show how model competition using Baysian Information Criterion (BIC) as a judge naturally shifts the roles of
the teacher from evaluator to collaborator. Additionally, using model competition and BIC
as a pedagogical tool further exposes students to authentic mathematics used by practitioners. We also highlight how LEMBs like the Yeast Lab give students a full modeling
experience that includes data collection, model creation and model competition but does
not require difficult to acquire/use technical gadgetry. As seen in the Yeast Lab, through
LEMBs students gain an opportunity to learn soft and creative skills that are more valuable
in professional life.
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In chapter four details of the LEMBs website hosted through USU Digital Commons
(DC) are discussed. For every LEMB we have created the following clickable categories to
assist in navigation and readability:
• Overview: The basic biological context along with the targeted mathematics are
outlined.
• Lesson Outline: Expectations and a brief lab agenda are laid out. A brief description
of the students and courses targeted is also included.
• Lab Setup: Lab materials and experimental/data collection methods are outlined.
• Data and Examples: Sample data and examples of modeling approaches are detailed.
• Background and Extensions: Greater detail regarding the biological context is
given that potentially lead to additional modeling activities.
• Assessment Items: Items designed for pre-/post-testing, extension problems for
think-aloud assessments and potential quiz/test questions are presented.
Additionally, the manner in which students design and implement their own data-taking
procedures to collect and plot data, develop, refine, parameterize and test their own mathematical models and report their findings in a brief paper (including an Introduction, Methods, Results, Discussion) are detailed. Furthermore, we briefly discuss the mathematical
tools LEMBs may require (e.g., fitting techniques) and pedagogical approaches for success.
The LEMB website also provides a general outline for teaching LEMBs. Teaching
LEMBs should always start with the context of the problem. Doing so highlights the
authenticity and engaging aspects from the LEMB’s underlying PAVE framework while
giving students a tangible storyline that their mathematics will eventually help describe. A
classic or basic approach for answering the biological question is typically next followed by
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students collecting data on the biological phenomenon. With the biological and authentic
mathematical background to rely on, students explore their own modeling ideas to answer
the biological question (Note how LEMBs are explicitly designed to promote discovery, as
outlined in PAVE). Like professional mathematical biologist, students compare their models
with data (visual success from PAVE) and share their results in a written, scientific report.
Throughout the entire LEMB experience teachers need to be committed to an open
and engaging classroom environment where students have the freedom and, perhaps more
importantly, the time to fully flesh out their understanding of the data and their models in
order for the LEMB to be successful. LEMBs require the teacher to become a partner in the
learning process. The teacher must guide students to independently discover mathematical
meaning.
We have found LEMBs to be most successful when the teacher is ready to embrace
challenging, open-ended questions with no right answer. In preparation the teacher needs
to have well-defined content objectives for the lab. Since it is the teacher’s responsibility
to guide student learning, the instructor must know the mathematical goals before hand.
Otherwise it’s simply the clueless leading the helpless. While planning, the teacher needs to
consider both the students’ mathematical experience and biological background. Teachers
must prepare for and anticipate students’ methods, misunderstandings and errors.
When LEMBs are successfully taught, the teacher has determined what students already know about the topic and any lecture material needed so students can fully understand
the LEMB. The teacher has a clear understanding of why the specific LEMB was chosen as
well as the cognitive demand they would expect from the students. In guiding classroom
discourse successful LEMB instructors followed the suggestions of Stein et al. [2] to by planning and effectively utilizing questions for students that maintain a high cognitive demand.
In some cases the LEMB was modified by the teacher to raise cognitive demand for some of
the tasks we deemed as low-level. Effective teachers always customized the materials and
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teaching approach to fit both the class and students.
Effective teachers of LEMBs focus a great deal on multiple ways the biological problem
can be approached and which of those methods students are likely to use. They brainstorm
the misunderstandings students might have along with the errors students would likely
make based on their previous experience teaching the course and their knowledge of their
students. Prior to the LEMB, successful teachers examined multiple ways students had
previously completed the lab in order to plan questions the teacher could ask to prompt
learning while guiding students towards their goals. The teacher determines what lines of
questioning will lead to students’ success while maintaining high cognitive demand versus
their responses that will simply give an answer.
In the classroom, it was helpful for teachers to have go-to methods for encouraging
student discussion within groups. Many of these approaches mirrored teacher talk moves
found in elementary and secondary education literature. As seen in Table 5.1, these are the
types of leading questions effective teachers naturally ask. Through talk moves teachers are
able to retain high levels of cognition while guiding students to their own answers.
Talk Move
Revoicing-Clarifying
Repeating
Reasoning
Adding On
Wait Time

Example
“So you are saying...Did I get that right?”
“Who will repeat or rephrase what he said?”
“Do you agree or disagree with
what was said, and why?”
“What can you add to the idea
she is building?”
“Take your time.”

Table 5.1: Categories of “teacher talk moves” found in [1] along with sample statements used
by successful LEMB instructors. Talk move type questions/statements encourage student
discussion and scaffold student learning. They are used to retain high levels of cognitive
demand in the classroom while guiding students to their answers.

In order for a learning experience to be complete, it must be lived; LEMBs provide that
opportunity so long as we allow it to occur. However, we have also found that not all college
faculty members are excited to incorporate LEMBs (or any other student-centered learning
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model) in to their traditional mathematics classroom. With the mountain of material
faculty members are expected to cover, instructors cannot find room in their the tight
course schedules for LEMBs. Naturally, not everything that is discussed in a lecture-based
classroom can occur when LEMBs occupy some of the class time. However, as seen in
the pre/post testing in chapter 2, students are gaining appreciation for mathematics while
achieving mathematical objectives at higher levels of cognition. Furthermore, as pointed
out in chapter 3, STEM employers are looking more and more for employees that possess the
soft skills required to be successful in a professional capacity. LEMBs hone these skills. To
address real educational needs room will need to be made in the post secondary curriculum
for LEMBs or similar interactive, open-ended, learner centered experiences.
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Appendix A. Yeast Lab Student Task Sheet

A.1

Introduction
Population modeling is an important problem. Unfortunately, we do not have the

resources for you to practice modeling populations like deer, rabbits, or even mosquitoes.
In order to overcome this obstacle, we are going to attempt to model a population that is all
around you. Yeast is a species that is easily obtained, easily contained, and it grows rapidly.
This makes it a perfect candidate to practice modeling population dynamics. There is still
the challenge of counting all of the yeast so we are going to take a different approach.
Yeast is a eukaryotic organism, and although it is single cellular it shares many cellular characteristics and mechanisms with more complicated multicellular eukaryotes, like
humans. It reproduces by budding and its cellular respiration is particularly important.
Producing energy for most organisms is all about creating adenosine triphosphate (ATP)
from sugar molecules. ATP is the basic “molecular unit of currency” of intracellular energy
transfer. In the presence of oxygen, the burning of glucose gives

C6 H12 + 6O2 → 6CO2 + 6H2 O

(A.1)

and during this process up to 38 ATP are created. In the absence of oxygen, however,
fermentation occurs and

C6 H12 O6 → 2CO2 + 2C2 H5 OH

(A.2)

which produces only 2 ATP.
What this all means is that as yeast consumes sugar it produces carbon dioxide. In
groups you will measure the volume of carbon dioxide that the yeast produce in an attempt
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to gain information about the yeast population. You will then model the resulting data.
Consider this: Based on what you read above, what are some of the variables
and parameters involved with this experiment? Explain.

Task: As you proceed with the experiment, think about what key variables and mechanisms
(such as the chemical reaction, waste inhibiting growth, etc.) your group will focus on. You
will report on your decisions.

A.2

Procedure
This lab is very technical. Please read thoroughly about the materials and the setup

procedure. As you read (and before you begin), consider this: Is there anything that could
affect how accurate our measurements are? There is a space below the setup where you can
answer this question.

A.2.1

Materials

The following materials are needed:
• Approximately 500 ml flask, with cork and flexible tube
• 1 quart Mason jar (or similar)
• 1 plastic container, large enough to contain the Mason jar with two or more inches of
clearance around the jar, and about 2 inches tall
• iPad (or similar) with charger and application for time-lapse pictures
• Food coloring
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• Ruler approximately as tall as the Mason jar. Make sure the rule and its markings
have a nice contrast to the food coloring
• 1 package dry yeast (1/2 tsp or 1.4 gm)
• 1.5 tsp granulated sugar (6 gm)
• 300 ml distilled water (room temperature)

A.2.2

Setup

1. Put 300 ml of distilled water in flask and inoculate with 1/2 tsp of dry yeast. Swirl
to mix and allow the yeast to rehydrate for 5-10 minutes. While this is happening,
you can continue setup by organizing the visualization apparatus.
2. Fill the Mason jar to brim with tap water and a few drops of food coloring for visualization purposes. Cover with plastic container and with both hands flip overs so
that the Mason jar is inverted and full of fluid. Add a little more colored liquid to
the plastic container to help maintain a seal.
3. Snake the surgical tubing underneath the lip of the Mason jar, being careful not to
lose the seal on the liquid. Rest the jar back down on the tubing (it will no longer sit
straight - you can fix this by slipping some thumbtacks underneath the edges of the
jar). You may want to release enough liquid from the jar so that the fluid height is
at a uniform cross-section of the jar.
4. Affix a ruler to the side of the Mason jar
5. Set up the iPad application to take a picture every 15 minutes, and then place the
iPad (plugged in so it won’t run out of juice) to get a good view of the ruler on the
side of the jar. Make sure the area will be well lit during the next several hours.
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6. Add the 1.5 tsp sugar to the yeast, swirl again, then cap the flask using the stopper
with the surgical tubing already attached.
7. Start the iPad application and let the data collection begin! You may use the table
on the last page to collect your data.
Consider this: Is there anything that could affect how accurate our measurements are? Explain.

What can we do to minimize these problems?
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A.3

Modeling
The logistic model is a traditional starting point for describing populations

Y (t) =

KY0
Y0 + (K − Y0 )e−rt

(A.3)

where Y0 is the initial population, K is the carrying capacity, r is the intrinsic growth rate,
and t is time. We can also write the logistic model in its standard ecological form

Ẏ = rY (1 −

Y
)
K

(A.4)

The model was originally developed by Pierre-Francois Verhulst in 1938 to describe when
the rate of reproduction is proportional to both the existing population and the amount of
available resources. The logistic model has an initial stage of growth that is approximately
exponential, and then growth slows.
What mathematically causes a prediction of slowing growth with the logistic
model?

Why would we want a model that does this (Does this make sense biologically?)?

The logistic model is a good starting place, but may not capture all of the behavior of
the yeast. It is up to your group to create a model significantly different than the logistic
model. You will report your model so you should discuss:
• What key variables and mechanisms did your group observe?
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Which of these did your group focus on with your model?
• What do your parameters mean?
• What assumptions did you make?
• What would happen if we increased:
the amount of initial sugar?
the amount of initial yeast?
• How does this confirm/invalidate any assumptions that you made for your alternate
model?

A.4

Report

A.4.1

General Writeup Guidelines

Each writeup we will do in this class should have the following format:

• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
model, and parameterization
• Results - Contains an analysis of the model
• Discussion and Conclusion - Contains an evaluation of results

178
A.4.2

Specific Lab Items

For this specific lab your writeup should include the following items in the indicated
sections:
Methods • A model that is significantly different than the logistic model to predict the height
of the CO2 column generated from the growing yeast population. Be sure to include
what your parameters mean and why you chose them.
• Estimation of parameters (and their units) as well as the procedure used to estimate
them
• What assumptions did you make? What variables/mechanisms did your group focus
on with your model?
Results • BIC for both the logistic model and your alternative model, and how well the curves
do/do not reflect observations
• A graphical comparison of the logistic and alternate models, along with the data
Discussion and Conclusion • Which model better reflects the data, and why?
• What would happen if we increased:
the amount of initial sugar?
the amount of initial yeast?
• How does this confirm/invalidate any assumptions that you made for your alternate
model?
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• For what else could you use this modeling approach?
• What did you learn from this experience?
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Appendix B. Stream Lab Student Task Sheet

B.5

Introduction
On March 24, 1989 the Exxon Valdez oil tanker struck the Prince Williams Sound’s

Bligh Reef and spilled 11 to 38 million gallons of crude oil. It spread to cover 1,300 miles of
coastline and 11,000 square miles of ocean. One of the immediate effects was the deaths of as
many as 250,000 seabirds, 2,800 sea otters, 12 river otters, 300 harbor seals, 247 bald eagles,
and 22 orcas. It is considered to be one of the most devastating human caused environmental
disasters (Source: Wikipedia). This event is not only an example of how pollution can have
drastic effects on the environment, but is also an example of how pollution can quickly
spread in our oceans, rivers, and streams.
We will attempt to answer the important question, “How can we model the spread
of pollution?”It is impractical (and unethical) for us to pollute a stream and monitor the
effects. To get around this problem, we will “pollute” a stream with ping-pong balls. They
are easy to track, will not cause lasting damage to the ecosystem, and therefore make a
perfect pollutant for our needs. As a class we will work together to “pollute” a stream and
monitor how it spreads. Then, in groups, you will create a model to describe the spread of
your pollution.

B.6

Procedure
As a team, you will collect data about how pollution spreads downstream by dropping

ping-pong balls into a waterway and monitoring how they disperse. You will then create a
model based on your data. For this experiment, you will need a Time Keeper, a Pollution
Spreader, Data Collectors, and Pollution Collectors.
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B.6.1

Materials

• A stopwatch or other time keeping device
• A tape measure
• Ping-pong balls, leaves, or other floating “pollutants” to send downstream
• Nets to catch the pollutant
• Paper and pencil to collect data
• A whistle (or the ability to whistle) to synchronize data collection.
• Optional: A camera (such as on a phone) to minimize struggles with rapid counting

B.6.2

Setup

1. Pick a suitable stretch of water, without any major barriers
2. Have the Pollution Spreader(s) take their post upstream
3. Stand the Data Collectors evenly along the bank of the waterway downstream from
the pollution. They will be counting the pollutant present in their collection zone.
The Data Collectors will want to discuss in advance where each zone begins and ends
so as not to count the pollutant more than once per time step.
4. Setup the Pollution Collectors downstream to gather the pollution after it has gone
through the data collection. If there are not enough team members, the first few Data
Collectors can run downstream to collect after their section is clear of pollution.

B.6.3

Data Collection
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1. On the Time Keeper’s mark, the Pollution Spreaders will start dropping the pollution
into the stream. You need to decide how the pollution will be introduced. For example,
you might choose to have them dump the pollution all at once, or to drop the pollution
at a steady rate. Be sure to record the conditions under which the pollution was
spread.
2. Every 10 seconds the Time Keeper will whistle to signal the Data Collectors to count
how many ping-pong balls (or other pollutant) are in their collection zone. You may
find it difficult to quickly count all the balls, so you may choose to take a picture every
10 seconds and count the balls afterward.
3. Repeat each type of pollution distribution at least twice.

B.7

Modeling
As we saw from the derivation in class the advection equation is
∂L
∂L
= −v
∂t
∂x

(B.5)

The advection equation is a good place to start for modeling the spread of our pollution,
but may not be perfect. For example, what if part of the pollution leaches (ping pong
balls getting stuck)? If that were to happen we would need to add a leaching term to our
equation
∂L
∂L
= −v
− λL
∂t
∂x

(B.6)

Now that the data has been collected, you will form groups to model the spread of the
pollution that you just observed. You will report your model so your group should discuss:
• What key variables and mechanisms did your group observe?
• What do your parameters mean?
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• What assumptions did you make?
• Is the analog for pollution that you used (ping pong balls, leaves, etc.) appropriate?
Did they exhibit behavior that we would or would not expect from specific types of
pollution?
• You may also want to look at adding a diffusion dynamic to your model.

B.8

Report

B.8.1

General Writeup Guidelines

Each writeup we will do in this class should have the following format:

• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
model, and parameterization
• Results - Contains an analysis of the model
• Discussion and Conclusion - Contains an evaluation of results
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B.8.2

Specific Lab Items

For this specific lab your writeup should include the following items in the indicated
sections:
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Appendix C. Disease Lab Student Task Sheet

C.9

Disease Game Introduction
To get an idea of how diseases propagate, we will try a simulation. After the simulation

you will parameterize a simple model, as well as create a model of your own. For this
activity you will need a group of three people. Each group will get two transparent hex
“playgrounds” for the disease simulation. We will model children who interact on the
playground and infect one another. One team member plays the infected, one plays the
susceptible, and the third keeps records. Infected and susceptible children will be placed on
the playground separately, and then overlaid to judge and count new infections according
to interaction rules. New infections are added to the diseased population (and subtracted
from the susceptibles) for the next day.
Each group will simulate at least two different “diseases.” Perform at least two simulations for each disease and rotate team members through different roles. Be sure to keep
your data!

C.10

C.10.1

Procedure

Initial Disease: Zombies

For the first disease we will try to simulate a zombie infection. The population of the
individuals will be 50, one of which will be initially infected. Your group has been given
two transparencies, two grids filled with 100 adjacent hexagons, and dry erase markers. At
the beginning of “day one” the group member in charge of the humans will place the 49
children on his/her board. The group member in charge of the zombies will separately place
the one zombie on his/her board. For this initial disease, the zombie has arms that can
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also infect. Not only does the disease infect humans occupying the same hexagon, but any
human occupying two neighboring hexagons. An example can be seen in figure ??.

Figure C.1: An example of the initial disease. This disease infects the hexagon it occupies,
and two neighboring hexagons.

The two transparencies will then be lain on top of each other. Every human that
is touched by the zombie will be a zombie the next day. Record your data, erase the
transparencies and repeat with your new group populations. Run the simulation for at
least 10 days. You can use the tables below to collect your data.
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Day

Total # Infected

Total # Susceptible

Day

Total # Infected

Total # Susceptible

What was the end behavior of your simulations? Why do you think this is?
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Based on your knowledge of zombie folklore, do you feel that these rules
accurately portray a zombie infection? Explain.

C.10.2

Adjusted Disease

Now that you have played with the beginning disease, it is time to look at a different
disease. As a group decide how you want to change your disease. You may enjoy trying to
change your disease to match a disease that you are familiar with, or “fix” the initial rules
to match what you discussed about zombie folklore. Some ideas of things you can change:
• Change the infectious window. Consider a case where infectious members are infectious only for a set number of days at which point they are ’removed’ from being
infectious (and also from being susceptible).
• Change how far reaching the disease is. For example, disease transmission might
require direct contact of individuals, or there may be a few infectious hexes around
any individual with the disease.
• Change how infectious the disease is. For example, maybe contact with the disease
does not always result in infection.
These are just a few examples, but don’t be afraid to get creative!
What are the new rules to your game?

189
Why did you choose these rules? Are there any diseases that follow similar
rules?

You can use the table below to collect your data.
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C.11

C.11.1

Modeling Diseases

Modeling the initial disease

Below is one example of a mathematical model that could be used for the zombie
disease you just simulated in section C.10.1. It is not the only model, and may not be the
“best” model, but it is an attempt to capture the behavior of the zombie disease. Let p
be the fraction of a mixing populace which is infected with a disease. Then (1 − p) is the
fraction of the populace that is susceptible, and a model for how p changes in time is
dp
= λp(1 − p) − γp,
dt

(C.7)

where λ captures the rate of transmission of the disease in the population, and γ reflects
the recovery of the infectious population. For different diseases and different mixing populations, λ and γ will vary.

Task: What value for γ is reasonable for the zombie disease you just simulated? Explain.

Task: With your group find the general solution to equation C.7, generated through separation of variables, partial fraction integration, and inversion.

C.11.2

Modeling your adjusted disease

Now it is up to you to create a model that describes your adjusted disease. You will
report your model so you should discuss:
• What behaviors does your new disease exhibit?
• How could you capture that behavior in your model?
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• What do your parameters mean?

C.12

Report

C.12.1

General Writeup Guidelines

Each writeup we will do in this class should have the following format:
• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
model, and parameterization
• Results - Contains an analysis of the model
• Discussion and Conclusion - Contains an evaluation of results

C.12.2

Specific Lab Items

For this specific lab your writeup should include the following items in the indicated
sections:
Methods • Your work on the tasks in section C.11.1 (The general solution to equation C.7, the
value of γ you think is reasonable, and the explanation).
• The rules for the disease you created in section C.10.2 along with an explanation of
your rules
• A model for the disease you created in section C.10.2. Be sure to explain what your
parameters mean and why you chose them.
• Choices of parameters which “best” fit the data generated in your simulations. What
were your decision criteria?
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Results • Plots of your simulation data and the solution curve which models it.
Discussion and Conclusion • What do you think about these approaches to disease modeling?
• Were the simulation experiments realistic?
• How good is the mathematical model you created?
• How could we make the model better in the future?
• How well does the model in equation (C.7) match the data you collected in the initial
game from section C.10.1?
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Appendix D. Brine Shrimp Lab Student Task Sheet

D.13

Introduction

An undeniable fact about the biological world is that things move around. Brine shrimp
(AKA Sea-Monkeys) move by the rhythmic beating of their appendages acting in pairs. This
method of locomotion makes it seem like the brine shrimp wiggle around. In this lab we
will try to determine how well a random-walk movement model in space compares with
observations of the brine shrimps’ movement.
If, on average, organisms make a ‘run’ of distance ∆s over a time interval of ∆t, after
which they re-orient and choose a new direction at random, it can be shown that the
population density, P (x, y, t), for a number of such organisms obeys the diffusion equation
 2

∂ P
∂2P
∂P
=D
+
∂t
∂x2
∂y 2
The diffusion constant, D, is related to the random-walk parameters by D =

(D.8)

∆s2
4∆t .

The solution to (D.8) corresponding to predicted population densities following a point
release of N organisms at the origin at t = 0 is

P (r, t) =

where r =

y2
x2
1
1
N − r2
e 4Dt = N · √
e− 4Dt · √
e− 4Dt
4πDt
4πDt
4πDt

p
x2 + y 2 is the distance from the origin.

Task: With your group solve equation (D.8) to derive equation (D.9)

(D.9)
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The mean square expectations, hx2 i and hy 2 i, for the two coordinates grow linearly with t,
that is
hx2 i = hy 2 i = 2Dt
because the density function can be written as the product of two independent Normal
probability distributions. Since each coordinate is independent, we have

hr2 i = hx2 i + hy 2 i = 2Dt + 2Dt = 4Dt

(D.10)

This gives a method for estimating the diffusion constant for a population which we will
test in this lab using brine shrimp. Individuals can be tracked, with coordinates measured
at several instants in time. The mean of the square displacement for all individuals can be
calculated at each point in time and then fitted to a line. One quarter of the slop of that
line is an estimate of the diffusion constant.

D.14

Procedure

We will be working with brine shrimp in a (nearly) two dimensional environment.
There will be two experiments (one calibration and one validation) performed. You will
work with your group to collect data, and then use that data to decide whether a randomwalk movement model is appropriate for modeling brine shrimp.
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D.14.1

Calibration Experiment

In this section of the lab you will measure the displacement of individuals from their
initial point of release in time. The goal of the observation is to get data so that equation
(D.10) can be used to estimate the diffusion constant for brine shrimp.

D.14.1.1

Materials

• Hatched brine shrimp
• Salt water
• Two small bowls
• An eye dropper
• A light table or overhead projector
• A large petri dish
• Transparent graph paper with 10 lines per inch
• A stop watch or timer

D.14.2

Setup

1. Indicate an origin on your transparent graph paper and relative to that origin annotate
coordinates at one inch intervals to aid in position estimation on the fly.
2. Tape the graph paper to the light table.
3. Place the large petri dish on top and center it with the origin you previously indicated.
4. Place some salt water (about 50 ml) into the petri dish
5. Place some salt water into one of your small bowls; leave the other dry.
6. Suck up a number of brine shrimp and squirt them into the brined bowl.
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D.14.3

Data Collection

To run the experiment, assign one group member to be your “Timekeeper,” one member
to be the “Shrimp Watcher,” and one member to be the “Data Recorder.”
1. The “Shrimp Watcher” will suck up one shrimp and release it at the origin
Be careful not to give the shrimp, or the water, a push upon release
2. When the shrimp is released the “Shrimp Watcher” will say “start” and the “Timekeeper” will start timing.
3. Every five seconds the “Timekeeper” will call out “mark” and the “Shrimp Watcher”
will estimate the x and y location of the shrimp in tenths of inches. The “Data
Recorder” will note the position and time.
4. Continue collecting data for 90 seconds or until the shrimp reaches the edge of the
petri dish.
5. Suck the shrimp out of the petri dish, expel it into the second bowl and repeat the
experiment with a new shrimp. You should repeat the experiment at least 10 times,
switching roles so that every group member has a chance to observe.

D.14.4

Estimation of Diffusion Parameter

You have now completed the calibration process, however to proceed to validation
we must parameterize the diffusion constant, D. From the data it should be possible to
calculate the mean squared displacement of individuals at each time increment. That is, at
2 = x2 + y 2 , and from this calculate the
each time, t, for each individual, i, calculate ri,t
i,t
i,t
P
2 . The diffusion constant can now
mean square displacement at that time, hr2 (t)i = N1
ri,t

be estimated from the mean square displacement data using linear regression. Before the
next lab (and for your write-up):
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• Plot the mean square distance observations and the best-fit regression line (with zero
intercept). You should plot the mean value of your data as well as an error bar.
• Determine from the slope of the regression line the predicted diffusion constant for
this population using (D.10). Bring this prediction and the graph of your
regression line to the next class.
• Explore some of the predictions from the diffusion equation using the diffusion constant you have estimated. For example:
Plot several of the Gaussian profiles predicted by the diffusion equation
Plot the predicted shape of arrival curves at distances of two and four centimeters
from the origin.
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D.14.5

Validation Experiment

In this section of the lab you will measure the number of individuals that reach a given
distance from their initial point of release in time. The goal of the observation is to use our
estimation of the diffusion constant, D, to decide how well the model captures the shrimp
movement.

D.14.6

Materials

• Hatched brine shrimp
• Salt Water
• An eye dropper
• A light table or overhead projector
• A large petri dish
• Transparent polar graph paper
• A stop watch or timer

D.14.7

Setup

1. Tape the graph paper to the light table
2. Place the large petri dish on top and center it with the origin
3. Place some salt water (about 50 ml) into the petri dish

D.14.8

Data Collection

To run the experiment, assign one group member to be your “Timekeeper,” one member
to be the “Shrimp Watcher,” and one member to be the “Data Recorder.”

199
1. The “Shrimp Watcher” will suck up some shrimp and release them at the origin.
Be careful not to give the shrimp, or the water, a push upon release.
2. When the shrimp is released the “Shrimp Watcher” will say “start” and the “Timekeeper” will start timing.
3. Every five seconds the “Timekeeper” will call out “mark” and the “Shrimp Watcher”
will count how many shrimp are a given distance away from the center. The “Data
Recorder” will note the population and time.
4. Continue collecting data for 20 seconds.
5. After you have finished find out how many total brine shrimp are in the petri dish.
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D.15

Modeling

Now that you have performed both experiments it is time to decide how well a randomwalk movement model captures the behavior of the brine shrimp. Equation (D.8) predicts
the rate at which the population arrives at different spatial locations. For example, the
predicted number of individuals arriving in a small box (of area ∆A) at a distance L away
from the point of release is approximately
2

Nbox

L
−
N ∆A
2 +2Dt)
2(σ0
≈
e
2π(σ02 + 2Dt)

(D.11)

Here N is the initial number released, σ02 is the variance of the initial release profile and
D is the diffusion constant measured earlier. This prediction of the diffusion model can
readily be used for validation.
Another prediction for a diffusing population regards the flux of individuals. In two
dimensions the flux per length of circular arc is −D ∂P
∂r , and therefore the total flux through
a circle of radius ρ surrounding the initial point of release is

∂P
Φ(r = ρ) = 2πρ −D
∂r

r=ρ 



N ρ2
ρ2
=
exp −
4Dt2
4Dt

(D.12)

Thus, one may count the net number of individuals crossing circles drawn around the
initial point of release and compare with (D.12) to test the predictivity of a diffusion model.
Alternatively, the cummulative number of individuals predicted to lie within a circle of
radius ρ around the initial point of release is
Z
C(ρ, t) =
0

ρ



ρ2
r2
N
− 4Dt
− 4Dt
·e
· 2πr dr = N 1 − e
4πDt

(D.13)
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The number of individuals appearing in an annular region between circles of radius ρ1 and
ρ2 is predicted to be

N (ρ1 , ρ2 ) = C(ρ2 , t) − C(ρ1 , t) = N e

ρ2

1
− 4Dt

ρ2

2
− 4Dt



−e

(D.14)

Notice that the derivative in time of N (ρ1 , ρ2 ) relates the expected number in the annulus
to the flux:
d
N (ρ1 , ρ2 ) = Φ(r = ρ1 ) − Φ(r = ρ2 )
dt
By counting the number of individuals appearing in annular regions following the point
release, predictions of the diffusion equation can be tested against data.
It is now up to your group to parameterize the random-walk model. You will report your
findings so you should discuss:
• Is the random-walk model a good fit?
• What are the error sources?
• Is there anything poorly accounted for by the model?

D.16

Report

D.16.1

General Writeup Guidelines

Each writeup we will do in this class should have the following format:

• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
model, and parameterization
• Results - Contains an analysis of the model
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• Discussion and Conclusion - Contains an evaluation of results

D.16.2

Specific Lab Items

For this specific lab your writeup should include the following items in the indicated
sections:
Introduction • A description of the lab.
• A description of the phenomenon you are trying to model, including 1-2 paragraphs
containing background information about brine shrimp reproduction and locomotion.
Methods • Your work to solve equation (D.8) to derive equation (D.9)
• Estimation of the diffusion parameter.
Results • A graph of mean squared displacements and the regression line used to estimate D.
• Graphs of predicted brine shrimp diffusion and actual diffusion from the Validation
Experiment in section D.14.5
Discussion and Conclusion • Discussion (1-2 paragraphs) of whether or not the diffusion equation is an appropriate
model for dispersal of brine shrimp, supported by your results.
• What did you learn from this experience?
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Appendix E. Leaky Bucket Lab Student Task Sheet

E.17

Introduction

Imagine, if you will, that you are taken captive by an “evil genius” (AKA your teacher).
This genius truly is evil, and has quite a diabolical plan for you.
“I have a container of liquid.” says the Evil Genius. “If you are to make it out of here
alive you must tell me how long it will take for the liquid to drain out of my container.
After you have made your guess we will start the flow of the liquid and see if you will
survive. Are you up to the challenge?”
In an attempt to survive you will be allowed to work with fellow captives in an initial
“testing” phase where you will measure data from a basic experiment before you go up
against the Evil Genius. It is up to you to ensure that you have plans to measure all the
parameters needed in your model. This may involve different levels of ingenuity, flexibility,
and special equipment from the instructors, depending on the models used. The Evil Genius
has agreed to play by a few rules. Holes on more than one level will not be used, however
multiple holes may be used. The shape and size of the holes will also be freely adjusted.
Can you survive?
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Figure E.2: The evil genius has a leaky bucket of unknown details. The bucket will leak into
a piranha bowl on a lever. The second piranha will then be launched into the air catching
a worm. Thus causing a rabbit to be lifted into the view of a greyhound. The greyhound
will run, powering a light, which will burn the rope holding the guillotine in the air. Good
Luck! (Artist: Jeta Renna)

E.18

Procedure

With your group you will measure the height of a liquid draining out of a container as
a function of time. You will then create a model to describe the situation.

E.18.1

Materials

The following materials are needed:
• A plastic bottle (2 liter soda bottles work well)
• Water
• Bucket to drain the water into
• Drill, scissors, or other sharp object to make a hole in the bottle
• Ruler
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• Stopwatch
• Optional: Marker
• Optional: Tape
• Optional: Funnel

E.18.2

Setup

1. Record the cross-sectional area of your container.
2. Make a hole in your container and record its cross-sectional area.
You may also want to record the location of the hole for modeling purposes.
3. Prepare the container for measuring when the liquid is at different heights. You may
choose to attach the ruler to the side of the container, or mark increments on the
container with a marker.

E.18.3

Data Collection

To run the experiment, assign one group member to be your “Timekeeper,” one member
to be the “Water Watcher,” and one member to be the “Data Recorder.”
1. Fill the container with water, covering the hole with tape or your finger.
2. Uncover the hole and start your stopwatch. The “Water Watcher” will call out each
time the liquid reaches a height increment and the “Timekeeper” will hit the “lap”
button on their stopwatch.
3. After the container is empty, the “Data Recorder” will record the heights and the
time it took to reach them.

E.19

Modeling
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E.19.1

Torricelli’s Model

Torricelli’s Model (also known as Torricelli Law) is the classic starting place for relating
the speed of fluid flowing out of an opening to the height of the fluid above the opening
dh
ap
=−
2gh
dt
A

(E.15)

where a is the cross-sectional area of the opening, A is the cross-sectional area of the
container, h is the height of the fluid above the opening as a function of time, and g is the
acceleration due to gravity. In class we solved this equation for h giving
2
p
a √
h0 − √
gt
h(t) =
2A

(E.16)

It is up to your group to parameterize Torricelli’s Model to fit your data. You will report
your findings so you should discuss:
• Is Torricelli’s Model a good fit?
• What are the error sources?
• Is there anything poorly accounted for by the model?
• What would happen if the cross-sectional area of the container was not constant?
• Definitions for the following terms. You will be expected to use them properly in your
report.
Scientific Law
Mathematical Model
Theorem
Theory
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E.19.2

Alternate Model

Now it is up to your group to come up with a model that is significantly different than
Torricelli’s Law. You may have found that Torricelli’s Law is not a very good model of
the situation, so strive to make your alternate model better match the situation. You will
report your findings so you should discuss:
• Is your model a good fit?
• What are the error sources?
• Is there anything poorly accounted for by your model?
• What do the parameters in your model mean?
When you have finished your modeling you will be given a container by the Evil Genius
and asked to use your alternative model to find how long it will take for the container to
empty. This container may be drastically different from the container you used in your
initial experiment so in your modeling process you may find it helpful to try the experiment
again with different conditions. For example, you may choose to change
• The size of the exit hole
• The shape of the exit hole
• The size of your container
• The shape of your container
• You may also try having a non-constant cross-sectional area with your container
The group with the model that most closely matches the Evil Genius’ container will be
declared the survivors.

E.20

Report

209
E.20.1

General Writeup Guidelines

Each writeup we will do in this class should have the following format:

• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
model, and parameterization
• Results - Contains an analysis of the model
• Discussion and Conclusion - Contains an evaluation of results
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E.20.2

Specific Lab Items

For this specific lab your writeup should include the following items in the indicated
sections:
Methods • Estimation of parameters (and their units) for Torricelli’s Law using your data
• A model that is significantly different than Torricelli’s Law to predict the height of
the fluid as a function of time. Be sure to include what your parameters mean and
why you chose them
• Estimation of parameters (and their units) for your alternative model as well as the
procedure used to estimate them
• What assumptions did you make? What variables/mechanisms did your group focus
on with your model?
Results • Plot of your data and the parameterized Torricelli model
• Plot of your data and your parameterized alternate model
Discussion and Conclusion • Which model better reflects the data, and why?
• What did you learn from this experience?
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Appendix F. Coffee to Go Lab Student Task Sheet

F.21

Introduction

Lake warming due to climate change can change the mixing dynamics of deep lakes.
In the summer months, lakes stratify with warm water layers on top and cold layers on
the bottom. The surface water becomes separated from the deep water through a density
gradient. The thermocline is a layer of rapid transition in temperatures separating warm
surface water from deep cold water. In the fall, the surface water cools down, destroying the
gradient. As a result the layers mix and algae are washed out. Winter mixing oxygenate
the deep water and brings nutrient-rich water to the surface. Climate warming can prevent
winter mixing, affecting water quality and local ecosystems.
Another natural layering phenomenon are winter inversions, a condition in which a
layer of cold air is trapped under a layer of warmer air, leading to the accumulation of
pollutants close to the ground. A picture of the phenomena can be seen in figure ??.
In groups you will create your own thermoclines, collect data on the temperature
diffusion between the two liquids, and then create a model to describe what you observed.
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(a) Summer Lake Stratification:

(b) Winter Inversion: In a val-

Warmer layers are on top, cooler

ley, cool air is trapped under a

layers on the bottom, separated

layer of warmer air.

by a transition layer, the thermocline.

Figure F.3: Examples of layering phenomena in nature

What variables/parameters may be important when modeling this phenomenon?

F.22

Procedure

You will form small groups of 3-4 students. With your group you will measure the
temperature gradient between two liquids (coffee and milk) that are at different initial
temperatures. You will then create a model to describe the thermoclines.

F.22.1

Materials

• Hot coffee or tea
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• Milk
• Clear, straight sided glass
• Ruler
• Thermometer
• A small funnel attached to a straw or thin turkey baster
• Stopwatch or other time keeping device

F.22.2

Setup

1. Prepare the glass for measuring the liquids’ temperature at different heights. You
may choose to attach the ruler to the side of the glass, or mark 1 cm increments on
the glass with a wet-erase marker.
2. Pour about 6 cm of coffee into the glass.
3. Place the funnel at the bottom of the glass and SLOWLY pour 6 cm of milk into
the bottom of the glass. You will see the coffee begin to rise as a layer of milk forms
underneath. Be careful not to mix the two layers as you pull out the funnel.

F.22.3

Data Collection

1. Measure the temperature of the liquid in 1 cm increments and record your data. Move
your thermometer slowly so as not to stir the liquids. The thermometer may take a
moment to accurately measure the temperature so be sure to give the thermometer
enough time before moving to the next height.
2. Record the temperature of each 1 cm increment every 5 minutes for at least 20 minutes.
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You may use the table to record your data
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F.23

Modeling

It is up to your group to explore different ways to describe the thermocline you observed.
You will report your findings so you should discuss:
• What do your parameters mean?
• What assumptions did you make?
• What would happen if we changed:
the initial temperatures?
the amount of initial liquids?
the surrounding temperature?
• How does this confirm/invalidate any assumptions that you made for your alternate
model?
• At what point is the rate of change of the temperature with respect to time the
greatest?
• At what point is the rate of change of the temperature with respect to height the
greatest?
• What do you expect to happen after a long time, or mathematically speaking, when
time goes to infinity?
• How many variables does a function have that models the temperature at any height
and time?

F.23.1

Comparison to a plane

One basic surface is a plane. Recall that the general equation for a plane is

ax + by + cz = d

(F.17)
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With your group discuss what values of a, b, c, and d make a plane that resembles your
data. Be sure to graph your data in Matlab along with your proposed plane. How good is
the fit? What might the parameters mean?

F.23.2

Linear Interpolation

Another method to fit your data is linear interpolation. With your group graph the
initial temperature of your data with respect to height. Then graph your final temperature
with respect to height. Next linearly interpolate from your initial temperatures to your end
temperature. How good is the fit?

F.23.3

Fun with Functions

Now take this opportunity to explore other options for modeling the thermocline. Have
you seen other functions with the shape of your data? Compare and contrast this method
with the other methods your group tried.

F.24

Report

F.24.1

General Writeup Guidelines

Each writeup we will do in this class should have the following format:

• Introduction - Contains a general discussion of the problem
• Methods - Contains a summary of lab setup, how data was collected, description of
model, and parameterization
• Results - Contains an analysis of the model
• Discussion and Conclusion - Contains an evaluation of results
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F.24.2

Specific Lab Items

For this specific lab your writeup should include the following items in the indicated
sections:
Introduction • A description of the lab.
• A description of the phenomenon you are trying to model, including 1-2 paragraphs
containing background information about winter mixing in deep lakes
Methods • Explanations of all of your data fits.
• Estimation of parameters (and their units) as well as the procedure used to estimate
them
• What assumptions did you make?
Results • A table with your raw data.
• Plots of your simulation data and your solutions to modeling it.
Discussion and Conclusion • What are the strengths and weaknesses of your model?
• What changes you might make to improve its fit to the data?
• Generally speaking, in what ways would a model for winter mixing be useful to scientists studying winter mixing in lakes under changing climate conditions?
• Address the discussion topics in section F.23
• What did you learn from this experience?
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2013.
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• USU Department of Mathematics and Statistics ‘Graduate Student Leadership Award,’
2013
• USU College of Science ‘Graduate Student Teacher of the Year,’ 2012.
• USU Department of Mathematics and Statistics ‘Graduate Student Teacher of the
Year,’ 2012.

RESEARCH PUBLICATIONS
1. Lewis, M.J. and J.A. Powell, (Submitted) June 2016. Yeast for mathematicians – A
ferment of modeling with differential equations. Bulletin of Mathematical Biology
2. Lewis, M. and J.A. Powell, 2016. Modeling Zombie Outbreaks: A problem-based
approach to improving mathematics one brain at a time. PRIMUS, 26(7), pp.705726.
3. Lewis, M.J., 2011. Modeling phloem temperatures relative to mountain pine beetle
phenology. All Graduate Plan B and other Reports. Paper 60.
http://digitalcommons.usu.edu/gradreports/60

WORK IN PROGRESS
1. Laboratory Experiences in Mathematical Biology (LEMBS) (with James Powell, Mathematics, Brynja Kohler, Mathematics, Andrea Bruder, Mathematics, Colorado College).

INVITED TALKS AND PRESENTATIONS
1. Yeast and the Struggle for Existence: A Laboratory Experience in Mathematical Biology. Invited talk, Annual Meeting of the Society for Mathematical Biology and
European Conference for Mathematical and Theoretical Biology, Nottingham, England, July 2016.
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2. Students Excel When Zombies Lead the Class. Invited talk, Society of Mathematical
Biology Annual Meeting, Atlanta, GA, July 2015.
3. Content Numbers: A Brief History of Perfect, Happy and Their Intersection. Invited
talk, STEAM Expo, Blanding, UT, April 2015.
4. Content Numbers: How Real Mathematics Generates ’Perfectly Happy’ Students.
Mathematical Association of America Intermountain Section Meeting, Brigham Young
University, Provo, March 2015.
5. Zombie Models: A Sexy Approach to Improving Mathematics One Brain at a Time.
Mathematical Association of America MathFest, Portland, Oregon, August 2014;
MAA Intermountain Sectional Meeting, March 2013.
6. Mathematics, On Target: PAVE-ing the way to Problem-Based Success. Invited talk,
STEAM Expo, Blanding, UT, April 2014.
7. Zombies and Projectiles: Project-Based Learning on Target. Utah Council of Teachers
of Mathematics, Salt Lake City, UT, October 2013.

ACADEMIC EXPERIENCE
• Graduate Teaching Assistant, Utah State University, Fall 2009-Spring 2016.
– Instructor of record for: Algebra, Trigonometry, Calculus (1 and 2), Linear Algebra, Differential Equations.
– Curriculum development for Calculus 2 (departmental collaboration)
• Graduate Research Assistant, Utah State University, Summer 2011, 2014, 2016
– Funded by National Science Foundation and USDA Forest Service grants
• Course Supervisor, Utah State University, Spring 2015
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– Oversaw the successful implementation of the 7 on-campus sections of trigonometry
• High School Mathematics Teacher, InTech Collegiate High School, Logan, UT, 20142016
• Student Teacher, Sky View High School, Smithfield, UT, 2013-2014

PROFESSIONAL SERVICE
• President, USU SIAM Student Chapter, 2014-2015
• Founding Vice President, USU SIAM Student Chapter, 2013-2014
• Member, Society for Industrial and Applied Mathematics, 2013-present
• Member, Society for Mathematical Biology, 2015-present
• Member, USU Math Biology Group, 2011-present
• Fellow, Math for America Utah, 2013-2016
• Graduate Committee Student Representative, USU Department of Mathematics and
Statistics, 2011-2012

